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1 . Tnt  rodiict  ion 

♦ 'Due  to  the  incL'oasing  use  of  PLAs  { Program.TiODle  Logic 
Arrays)  in  logic  design,  an  efficient  algorithm  which 
performs  mu  1 L i pie-output  AND-OK  logic  minimization  is 
desired. 


cu  i ne-McCl  uskey  (0^^)  logic  minimization  has  been  known 
for  some  time.-Jl]  It  can  provide  ^ND-OR  structures  with  a 
minimum  number  pf  gates,  and  secondarilv,  gate  inouts. 
Unfortunately,  the  OM  method  is  generally  practical  onlv  for 
small  numbers  of  inputs  (under  10)  and  outputs  (under  6). 
The  enormous  size  of  the  multiole  outout  orime  imolicant 
covering  table  used  in  this  method  for  large  oroblems  makes 
it  too  expensive  to  be  implemented. 

\ Other  known  algorithms  either  have  similar  complexitv 

\ 

or  a\ovide  only  "'oo'",  hut  not  necessarilv  optimum 
's 

so lut lons'.^N/i'ne-e-e-Luce  new  AND-OR  minimization  algorithm 

for  logic  oroblems  with  up  to  16  inputs  and  8 outputs 
(standard  limitations  of  P(,As  available  at  present)  is 
needf'd.  The  al  )or  i ttiin  should  he  par  t icu  lar  1\'  effective  for 
luobW’ins  which  reguiie  no  more  than  40  to  50  product  terms 
in  an  optimum  r r>a  1 i za  t i on  . 


In  ( h i .s  [''port,  such  an  algorithm  is 

drivf’s  to  ticlii've  on  /\Mp-ov  realization 

numtv-r  ot  ANl'  gat  t>s^  ^i  thout  regard  to  the 

connect  ions  nor  AND  's^ate  or  the  number  of 

V 


formulated  wnich 
with  the  sma 1 1 es t 
numbi  r of  i nmit 
input  connections 


pet  OR  gate.  This  goal  r ^iive.s  directly  from  the  tact  that 
only  the  number  of  product  terms  (AND  gates)  oer  PL.A  is 
limited  by  the  PLA  structure.  The  basic  structure  of  this 
algorithm  was  originally  suggested  to  the  author  by  F.  S. 
Davidson.  H 


i 


I 


*1 

i! 


2 . Oescription  of  the  algorithm 

The  AND-OH  minimization  algorithm  discussed  here  is  a 
branch-and-bound  algorithm  which  makes  a series  of  locally 
optimum  decisions  using  the  concepts  of  switching  theory  to 
derive  a first  solution.  After  finding  the  first  solution, 
It  backtracks  to  consider  alternative  decisions,  modifyinq 
gate  inputs  and  successively  improving  the  solution.  If  run 
to  completion,  the  algorithm  finds  a minimum  gate  solution. 
At  each  point  the  maximum  improvement  obtainable  from 
continuing  to  run  the  algorithm  is  known. 

The  algorithm  starts  by  choosing,  heu r i s t ica 11 v , one 
minterm  (1-cell)  from  one  function  of  the  giver,  set  of 
output  function.s.  The  sm.allest  cube  is  found  which  covers 
thi^  minterm  and  all  its  neighbour  minterms  in  the  selected 
function.  h'ote  that  this  cube  may  cover  some  f-cells  of 
that  function.  All  tlie  minterms  inside  this  cube  are  said 
to  Oi-  covered  or  potentially  covered.  This  cube  is  also 
potentially  useful  for  other  functions  in  the  set  which 
contains  the^  ..electraj  minterm.  Minterms  of  such  functions 
whi'-h  are  incide  the  cube  are  also  said  to  be  potentially 
covoferl.  The  cubc  is  tiicn  entered  into  an  (initially  emotv) 
list  called  1 I STA . Then  another  minterm  which  is  not 
cnverod  ot  notent iallv  covered  by  cubes  in  LI^TA  is  chosen 
anrl  tho  ptocess  is  repeated  until  each  minterm  of  each 
vuifdut  function  is  covered  or  potentially  covered  bv  some 
c'ub(’  in  [.lU’l'A.  The  resulting  set  of  cubes  in  [.IfTA  can  be 
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tcansforir.ed  into  feasible  realizations  of  the  oiitniit 
t unctions  by  shrinking  the  cubes,  adding  Tiinterm  variables 
to  their  cor  respond  i no  product  expressions,  and  a'^dina 
further  cubes  when  minterms  become  uncovered,  until  all 
1-cells  of  the  given  s°t  of  outout  functions  are  covered  and 
all  the  vT-cells  in  the  set  of  cubes  in  LIST^  are  eliminated. 
Different  choices  of  variables  for  shrinking  cubes 
cor  resnonu  to  different  possible  t ea  1 i zat  ion of  the  output 
funct._on;;.  br anch -and-bound  method  is  used  so  that  all 
possible  realizations  can  lie  examined  imol  i c i 1 1 y . That  is, 
instead  of  findincj  all  feasible  realizations,  the  algorithm 
only  continues  to  develop  a class  of  solutions  it  some 
solution  in  the  class  has  a cnance  of  improving  the  oest 
solution  yet  found.  The  last  solution  found  before  the 
algorithm  halts  is  an  optimum  realization. 

A formal  description  of  the  algor  it‘r  i?  presented  in 
the  followinn  sections. 

2 . 1 Prel  [ m i na r y 
Do  f i n i t i on  (Tf>r  m) 

A term  is  a logical  p!o<hict  of  orie  ot  more  variables 
.some  of  which  may  be  complemented  and  some  of  which  mav  be 


enclosed  in  pa  r on  1 hr  se.s  , (). 
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Defini  ion  {Maximu.n  and  yinimLim  Cube  of  a Term) 


The  maximum  cube  of  a term  is  the  set  of  all  cells 
covered  by  the  term  if  all  parenthesized  variables  were 
deleted  from  the  term.  The  minimum,  cube  of  a term  is  the 
set  of  all  cells  covered  bv  the  term  if  all  parenthesized 
variables  are  replaced  by  the  same  variables  without 
oar entheses . 


Definition  (Partial  Solution) 


oartial  .solurion  is  a set  of  terms  each  of  which  is 
assig.ied  to  a single  function  in  the  given  set  of  functions 
to  be  realized.  The  minimum  cube  of  each  term  must  include 
only  ]-cells  of  its  assigned  functions.  For  each  term,  if 
any  (single)  parenthesized  variable  was  deleted  from  the 
term.,  the  minimum  cube  of  the  resulting  term  would  include 
only  1-cells  of  its  assigned  function. 


For  example,  consider  the  function 

f (w,x,7,z)  =?  (0,1  ,4,6,7,13,15) 

The  term  w'(x')v'(z')  could  be  assigned  to  f in  a oartial 
nviliii  ion  since  its  minimum  cutie,  (^),  and  the  minimum  cubes 
o 1 w ' ( X ' ) y ' , ( H , 1 ) , and  w ' y ' ( z ' ) , ( h , 4 ) , con t am  only 

1-coll.j  of  f.  Note  that  it  is  not  required  that  the  maximum 
cut>e  of  the  term,  ('4,  1,4, 5)  cor  respond  i no  to  w'v',  contain 
only  1-cel  1-s  of  f and  in  fact  in  this  case,  (5)  is  a f’-cell 
of  1.  for  this  term  assigned  to  f,  w'  and  v'  mav  not  he 
pa t en thes i zeo  since  (8)  and  (2)  are  not  1-cells  of  f. 


h 

Dot  in  It  ion  (tover  anci  Potent  inlly  Covet) 

A teim  oovei p its  minimum  cube.  A term  potential ly 
i-’overs  its  moximum  cube.  i-’ot  example:  w'(x')y'(z')  covers 

w'x'y'z'  and  potentially  covers  w'v'. 

Definition  (Psetul  and  Potentially  Useful) 

A term  is  useful  for  a function  if  the  cells  covered  fiy 
Its  maximim  cube  are  all  1-cells  of  the  function.  ^ term  is 
potent  i illy  1,’eful  tor  a function  if  the  cells  covet  e,-  bv 
It:;  minimum  cube  are  1 -cel  Is,  of  the  function. 

In  the  picvious  example,  we  mi<tht  wish.  to  kni'w  what 
terms  an'  ust  (ul  fot  function  f and  eovco  cell  (U)  . of 
course  w'x'v'/'  is  such  e term.  »’i  em  the  testt  ictions  on 
parenthesized  vat  iaflen  in  terms  assigned  to  f,  we  know  t^et 
w'x’y'  and  w ' y ' ' at-'  ."-ucti  terms  as  well.  These  Sf.rtp.s 

rt'siilt  from  -leletino  .i  siti-qle  rat  on  t ties  i zecl  variahl--  and 
deletip.o  all  other  r-a  t enthese.s . '^erms  result  ino  from 
deletinq  two  ot  'note  parenthesized  variables  are  sucti  terms 
it  t tiey  may  1)-'  as”iotted  to  ! in  a i,aitial  solution.  In  this 
f-x.imoii  , vi  ' y ' i •.  not  ructi  a term  .'iiii-e  (S)  is  not  a 1-cell 
ot  t . 

t ti  tfi»  alioritt’P  t ('  tollov;,  tetns  .ate  cteated  fot  the 
r'lii  oosr  ot  cover  itu)  u 1-cell  of  a function,  the  minfetm 
t <>[->t  eson  f i fn]  t tic  in' 1 .'Ctiif  l-cell  is  constrn  i ed  and  all 

v.it  i.if'los  in  f ho  minfi’tii’  which  mav  bo  o.' t enthes  i -'ed  , while 
pt  ese  I V 1 n<7  .1  .'.s  i in.tl)  i 1 i t y to  f , .tie  w t i t t '-n  in  ra  t on  t tioscs , 
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■\s  the-  a lc)oi‘ 1 1 lim  prtK'etHir,  r'>«  r ent  hes  i zoti  vatioblc'  and 
paienthoscs  are  deleted  I t om  ternn  . When  a t:«arentlien  ized 
variable  is  deleted  trom  a tei;r,  thereby  expandin'!  its 
minimum  cube,  par<.'nt  heces  around  other  vai  tables  may  have  to 
be  deleted  trom  the  term,  thereby  shrinkinn  its  maximum 
cube.  Tn  out  ('xample,  it  eithei  parenthesized  vai  iable  in 
w'(x')y'(/')  is  deleted,  the  remaining  pair  of  naren'-heses 
must  be  deletffi  as.  wt‘ll,  to  ereser”e  t ;,i-  issiqnment  of  the 
t e r m to  f . 


Useful  terms  remain  useful  no  matter  which  narentnescs 
or  parenthesized  variables  are  deleted.  Potentiallv  useful 
tenns  which  are  not  useful  become  useful  if  certain 
parentheses  are  deleted.  They  mav  become  not  ootent ial 1 v 
useful  and  not  usotul  if  certain  parenthesized  variables  are 
deleted.  ^’ott.'  that  there  is  no  difference  between  useful 
and  i'otent  1 a 1 1 useful  if  the  term  does  not  have  any 
oa  r eat  hes  i zee.  vjt  iabl.'^s.  In  that  case,  the  maxim'um.  cube  of 
the  t€-rm  is  the  same  as  the  minimum  cube  of  the  term. 


bet i nit  ion  ('  ncovered  Cel  11 


A 1-ci'll  of  a function  i.s  said  to  bt'  uncovered  in  a 
parti.il  solution  if  it  is  neither  covered  nor  roteritiallv 
..•overfd  t.y  unv  ti'tm  in  the  Partial  .solution  that  is 


po  t ''n  t i .1 1 1 V u'l'ful  tor  that  function, 
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Dt^finition  (Tr  anr.  f or  ma  t ion  of  a Torir)  f 

1 

I 

A t.erir,  Tl , is  a t r ansf  or  rrat  ion  of  a ferT,  T?,  if  ’^'1  | 

can  t'c  obtained  froTi  t2  by  delctim  oo.ne  rait'  of  ! 

parentheses  and  some  set  of  oar  enthe?  i j^ed  variabl<'r  from  T2.  i 

! 

Definition  (Intermediate  Solution) 

An  intermediate  solution  is  a partial  solution  in  which  j 

no  1-cell  of  any  function  is  uncovered. 

Detinition  (Feasible  “Solution) 

\n  intermediate  solution  is  a Eoasihle  solution  if  no 
term  in  the  intermediate  solution  contain'^  any  oa  rent  hes  i zed 
variables. 

Definition  (Potentially  Pedundant) 

A ti-tir,  ’n  an  i n " • -rms'd  i a t e solutioti  is  sail  to  be 
f-o" -^nt  i a 1 ly  redundant  if  tt,e  deleti-n  of  th«  term  from  the 
int  •rmediate  Svilution  would  not  ocnerate  anv  uncovered  cells 
for  any  outpi;t  functions. 

Definition  (Table  of  (ino  f u 1 noss  ) 

The  table  of  usefulness  is  a table  foi  partial  solution 
which  shows,  for  each  fiin^.'tion  the  terms  which  are  useful  and  I 

ttiono  wtiich  arr  potentially  useful.  I 


Ml  OLJtout  functions  to  be  realized  are  input  to  the 
alqorithm  as  sum  of  products  expressions.  The  number  of 
distinct  product  terms  in  these  expressions  is  an  upoer 
bound,  UPBOUN’D,  on  the  number  of  product  terms  in  the 
optimum  solution.  Any  other  feasible  solutions  with  the 
same  or  hiqher  number  of  product  terms  are  no  better  than 
the  orqinal  input  and  therefore  are  of  no  interest. 

The  algorithm  for  finding  an  optimum  AND-OR  realization 
of  a multiple  output  function  consists  of  two  phases.  In 
the  description  below,  () 's  is  used  to  denote  "oarentheses" 
and  () -variable  is  used  to  denote  "parenthesized  variable." 

2.2.1  Phase  1 of  the  algorithm 

Phase  1 oeqins  with  a oartial  solution  containing  no 
terms  and  oroduces  an  intermediate  solution  by  addino  terms 
to  the  oartiol  solution.  A flow  chart  of  Phase  1 is  shown 


in  P i q u r e 1 . 
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begins  by  choosing  a product  term  from  the  input 
expression  for  some  function  and  selects  an  uncovered 
minterm  (1-cell)  in  this  product  term  using  the  Selection 
Criterion  for  a Minterm  in  a Product  Term  (SCMPT),  which 
will  be  discussed  later.  For  our  purposes,  SCMPT  may  be 
assumeo  to  select  an  arbitrary  uncovered  cell.  Then  the 
directions  in  which  this  minterm  can  be  expanded  (to  cover 
two  rr.interms  of  the  function)  are  determined.  Variables  of 
the  minterm  corresponding  to  these  expandable  directions 
becomiC  () -variables  in  the  term  and  the  term  is  added  to  the 
set  of  terms  of  the  partial  solution.  By  repeating  this 
process  until  no  minterms  of  any  function  are  uncovered,  the 
orginal  set  of  terms  is  augmented  to  an  intermediate 
solution  wifh  the  character ist  ics  outlined  above.  Just 
before  the  exit  of  Phase  1 to  Phase  2 the  intermediate 
solution  may  dc  modified  oy  expanding  some  terms.  A term  is 
expanded  if  and  only  if  for  each  function  for  which  the  term 
is  potentially  useful  or  useful,  its  maximum  cube  contains 
only  1-cells  of  that  function.  Then  its  entry  in  the  table 
of  usefulness  is  not  changed  by  deleting  all  ( ) -var iables . 
In  this  c:ase,  all  () -var  iables  are  deleted  so  that  the  term 


inav  cover  ill 

the 

cells  of 

i t s 

maximum  cube.  This 

step 

allows  tfie  cube 

t o 

grow  to 

i t' s 

inaximum  extent  wi 

thout 

nrerluding  consideration  of  any  optimum  solution  and  simplv 
makes  the  algorithm  more  efficient. 


i 


I 
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It  is  important  to  note  that  the  maximum  cubes  of  the 
terms  might  contain  some  0-cells. 

For  examole,  consider  the  function 

f(w,x,Y)  = w'y  + w'xy’  =5  0,2,3) 

Let  the  minterm  chosen  from  the  first  inout  term  be 
w'xv,  i.e.  cell  (3),  then  the  term  obtained  is  w'(x)(y), 
which  covers  (3)  but  ootentially  covers  (0,1,2,"!).  Note 
that  minterm  (O)  is  not  in  f.  The  significance  of  the  term 
w‘(x)(y)  is  that  every  sum  of  products  form  for  f must  cover 
minterm  (3)  with  a term  which  is  a t ransf ormat ion  of 

w'(x)(y)-  However,  not  all  transformations  of  w'(x)(v)  need 
be  allowed.  Each  time  a ()-variable  is  deleted,  the  other 
() -variables  must  be  re-evaluated  to  see  if  their  {) 's  must 
be  removed.  In  this  case  the  allowable  transformations  of 
w'(x)(y)  with  no  O-variables  are  w'x,  w'y  and  w'xv.  The 

remaining  possible  transformation,  w‘,  is  not  allowed. 
Since  there  are  no  uncovered  cells  of  f once  th.e  term 
w'{x)(y)  is  in  the  list,  w'(x)(y)  is  an  inteimediate 

solution  and  no  further  minterms  are  selected. 

Theorem  1 stafes  an  imnortant  proper  tv  of  the 

intermediate  solution  produced  oy  r>hir-c  1.  Tn  order  to 
prove  it,  however,  we  need  some  definitions  and  nreliminarv 
results. 
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Definition  (Trr.plicant) 

An  imolicant  of  a function  f is  a product  term  (with  no 
( ) -var iables ) which  covers  only  1-cells  of  the  function. 

Definition  (Proper  Transform) 

For  a LI.STA  term,  T,  generated  for  minterm  of 

function  f (i.e.  generated  just  after  minterm  M of  function 
f is  selected),  the  proper  transforms  of  T are  those 
transforms  of  T which  are  implicants  of  f. 

Note  that  the  proper  transforms  of  T,  qenerated  for  M 
of  f,  all  cover  the  minimum  cube  of  T.  After  Phase  1,  i.e. 
before  Phase  2,  t)ie  minimum  cube  of  T is  m (unless  T is 
expanded  by  the  last  step  of  Phase  1) . If  expansion  of  T 
occurs,  let  T represent  the  term  before  expansion  and  MSTA 
represent  the  set  of  terms  in  the  intermediate  solution 
before  expansion.  The  expansion  step  will  be  justified  at 
tne  end  of  the  discussion  of  Phase  2. 
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Loinma  ’ : 


If  T is  a LIST4  teri"  qenerated  for  M of  f during  Phase 
1,  every  implicant  of  f which  covers  v is  a orooer  transform 
of  T. 

Proot  ; 

let  I be  an  imolicant  of  f which  covers  m.  Anv 
variable  which  appears  complemented  or  uncomplemented  in  I 
must  appear  complemented  or  uncomplemented,  respectively,  in 
M and  hence  likewise  in  T,  otherwise  I would  not  cover 
For  any  variable  which  does  not  appear  in  I at  all,  the  cell 
adjacent  to  >1  found  by  complemen  t i nq  that  variable  in  the 
expression  for  M must  be  a 1-cell  of  f,  since  it  is  covered 
by  I.  Hence  7 must  contain  that  variable  as  a ()-variahle. 

Thus  there  is  a transformation  of  T which  enuals  T, 
namely  tliat  transformation  of  T which  deletes  all 
()-variables  which  do  not  annear  in  T and  deletes  all  other 
()  's.  This  t ransf  or  liiat  ion  is  a proner  transformation  since 
it  is  an  impLicant  of  f and  contains  no  (l-variaoles. 


0 . K . n . 
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Lemma  1: 


If  T is  a LISTA  term  generated  for  K of  f during  Phase 
1,  no  imrlicant  of  f which  covers  M is  a nroper 
transformation  of  any  LISTA  term  except  T. 

Proof : 

Suppose  Tl  is  a LISTA  term  generated  for  Ml  of  g and 
some  implicant,  I,  of  f which  covers  M is  a transformation, 
tl,  of  Tl.  We  will  show  that  tl  is  not  a oroper 
transformation  of  Tl. 

Since  all  transformations  of  Tl  cover  Ml  and  tl  eauals 
I,  then  I must  cover  Ml.  Thus  Ml  must  be  a 1-cell  of  f. 
Therefore  Tl,  whose  minimum,  cube  is  Ml,  is  potentially 
useful  for  f.  furthermore,  since  tl  covers  M,  Tl 
potentially  covers  M.  Mow  M of  f could  not  have  been 
selected  in  Phase  1 if  Ml  of  g had  been  selected  first, 
since  Tl  in  LISTA  would  not  leave  M of  f uncovered.  Thus  Ml 
of  g must  have  been  selected  after  M of  f.  However,  since  I 
must  be  a proper  transform  of  T,  T potentially  covers  Ml. 
Now  T must  not  be  potentially  useful  for  g,  otherwise  Ml  of 
g could  not  be  selected  after  T is  in  1,ISTA.  Therefore  M, 
the  minimum  cube  of  T,  must  bo  a 0-cel  1 of  q.  Since  tl 
covers  M,  tl  is  not  a proper  transformation  of  Tl.  o.f.d. 
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Theorem  1 : 

Given  LiSTA  nroduced  by  Phase  1 for  a set  of  functions 
and  an  arbitrary  sum  of  products  expression  for  ee-'h 
function  in  the  set,  there  is  some  proper  transformation  of 
each  hISTA  term  which  apoears  in  the  sum  of  priducts 
expressions  and  these  terms  are  distinct. 

Proo  f : 


Each  term  in  MSTA  is  generated  for  some  minterm  of 
some  function.  het  T in  r.ISTA  .be  generated  for  m of  f.  in 
any  sum  of  products  expression  for  f,  there  must  be  at  least 
one  term  which  covers  M.  Let  T he  an  arbitrary  one  of  these 
terms.  Ey  I.emma  1,  T is  a proper  transformation  of  T.  py 
Lemma  2,  I is  not  a proper  transformation  of  anv  other  r.T'^TA 
term.  Similarly  there  i .s  some  proper  transformation  of  each 
LISTA  term  which  e^juals  nme  expreesion  term  and  eac.h  of 
these  expression  teims  is  loqicallv  distinct  from  the 
others.  Q.E.i). 


Hy  Theorem  I , rhe  terms  of  avciy  set  of  ruim  of  riroducts 
expressions  for  a set  of  fund  ii')ns  can  he  constructed  as  an 
aripropriate  t r uisf  o r ma  t i on  for  each  r.TSTA  term  produced  by 
'’ha.se  1 and  possibly  some  added  terms. 
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Corollary  1 : 

The  cardinality  of  l.ISTA  after  Phase  1 is  less  than  or 
equal  to  the  number  of  terms  in  any  set  of  sum  of  oroducts 
expressions  for  the  set  of  functions  input  to  Phase  1. 

Proof  : 

Follows  immediately  from  Theorem  1.  Q.K.O. 

Therefore,  at  the  end  of  phase  1 a lower  bound,  LRObMD 
= cardinality  of  LISTA,  and  an  upper  bound,  rjPBOUND  = number 
of  distinct  terms  in  the  input  expressions,  are  established 
for  the  number  of  terms  in  an  optimum  solution. 


2.2.2  Phase  2 of  the  algorithm 

Phase  2 examines  the  intermediate  solution  obtained 
from  Phase  1 and  proceeds  to  find  a succession  of  feasible 
solutions,  each  with  fewer  terms  than  the  previous  feasible 
solution.  Phase  2 will  halt  and  upon  halting,  the  last 
feasible  solution  found  has  the  minimum  number  of  terms 
among  all  feasible'  solutions  of  the  problem.  The  flow  chart 
of  Phase  2 is  (presented  in  Figure  2. 


I') 

A ()-variable  is  arbitrarily  chosen  from  a term  in  the 
intermediate  solution  and  a 2-way  branch  is  performed.  One 
of  the  branches  corresponds  to  removinq  the  () -variable  from 
the  term.  This  is  equivalent  to  retaining  the  maximum  cube 
of  the  term  but  doutiling  the  size  of  the  minimum  cube  with 
respect  to  the  () -variable.  The  other  branch  corresponds  to 
removing  the  () 's  from  the  variable.  This  is  equivalent  to 
reducing  the  maximum,  cube  of  the  term  by  a half  with  respect 
to  the  () -variable  while  the  minimum  cube  remains  the  same. 

Aotli  branches  have  the  effect  of  reducing  the  number  of 
() -variables  in  the  term,  a procedure  which  wiM  eventually 
transform  the  chosen  term  into  a legitimate  oroduct  term  of 
the  given  output  functions.  Since  both  branches 
(transformations)  may  uncover  some  1-cells,  subroutines  of 
Phase  1 must  t-e  culled  to  check  : 

(1)  If  the  rest  of  the  ()-variables  in  the  term  are 
still  valid.  If  not,  () 's  may  have  to  be  removed  from  some 
() -va r i allies  of  the  ti'rm. 

(2)  It  all  1-cells  of  the  given  set  of  output  functions 
are  .'itill  oo  t on  t i a 1 1 y covered  b.y  the  terms  in  each  of  the 
two  t r .1  n<i  f ()  I mei  I lints  of  hlSTA.  Tf  not,  appionriate  terms 
mn.'.t  lie  adw'vi  t the  two  lists  r er.nec  t i vo  1 v to  cover  the 
uru’overf'd  1 -c-el  Is. 


’ll 


stop  (1)  at  i 'Op  \vhon  Iho  mini'tium  outio  ot  a totiii  is 

I'xpandoa,  i.o.  whon  t O-vatiablo  ip  doloto<l.  in  ordot  to 

innuto  that  anv  ()-varial'>lo  ot  t It  i t oiin  mav  bo  di'lot.'d 

without  tnakitiq  tho  I t anr.  tot  mat  i on  oi  tho  t .■‘nn  cov.m  any 

I'-oollr.  of  tti<'  tunotion,  ( 1 ' n mnut  bo  i ontt>vo>i  trom  t hoso 
O'variablon  which  do  not  ccoioranMid  to  an  oxj'andai'lo 
diioi-tion  ot  c tie  now  ii’inimum  cut>o  (ovon  ttiouqh  t tiov  di  I 
i-ort  .'Pttond  to  an  . .xpai' hit' I •'  direct  ion  toi  the  tnovioun 

in  i n inuim  cube)  . 


S top 

(2)  at  ino'i  whon 

a ( ) - V a r i a b 

1 e i n 

do  1 et  t'd 

ninct'  tho 

11  i n i i.ur.r. 

I'libo  boi'omo.i 

1 at  tot  ind 

t ho 

t O t I"  ill 

tv  boi'o  ao 

pot  on  t i a 1 

1 y u.-to  1 u 1 tot  .! 

iim.illei  .not 

i’  1 

1 nnct i on 

n.  t'elln 

which  tho 

t I'l  n tivit  out  i al  1 

y I'o vet  p in 

1 11  net 

ionp  t'oi 

which  fho 

toiin  in  no  lonooi  potent  tail  v uneful  may  become  uncovoted. 
ntop  l2)  a I :''0  at  inep  when  ()  'n  ato  d<''telod  nint'o  ttio  iia'' iminn 
v"  1 1 bo  I'oi'Oine  p : ■ II  > I t ( ' t and  v’e  1 1 r,  wti  i cl  i ate  no  1 ' ; > • t 

potentially  Cv'vcted  I'V  t lii  n I ot  m in  iunclionn  t oi  which'  t h t n 
totm  in  oot-'iniallv  uneiul  .nay  become  uncovered. 

Ait>'t  I ti  i n ctio(.‘kin'i  f'l  cco  c'",  ^ t v^o  new  iritetmo.ii  ito 
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now 


i n t o 1 ined  i t c po  Inti  on  . 


Phase  2 thus  contains  a routine  which  is  repeated 

iterativelv  until  the  i nt  ermed.  i at  e solution  undei 
cons  ide  r a t i on  has  no  more  (;-variables  in  it,  ttiar  is,  until 
a teasihle  s.olution  is  ioun>,i.  All  redundant  terms  in  this 
leasible  solution  ar<'  deleted.  Then  the  feasible  solution 
IS  stored  as  the  current  “optimal"  solution  and  replaces  tb.e 
old  "optimal"  solatioti.  (Tiie  realizat  lon  used  in  the  ininit 
to  the  algorithm  is  the  initial  "ontimal"  solution.)  '^he 

tuimher  of  distim-t  nroduct  terms  in  this  feasible  solution 
bt-'eomes  t lu'  new  upoei  hound,  IIPBOHNO. 

If  at  any  time  in  this  orocess  the  number  ot  terms  in 

tht'  i nteniiied  i ate  Sv'lution  under  eons  iderat  ion  is  oreater 

th, an  ot  cr^ual  to  the  cuirent  up[ier  bound,  UPBOliND,  that 
intermediate  solution  is  discarded  and  the  aloorithm 
backtracks.  A new'  intermediate  solution  is  obtained  ftom 
.STAdK  to  be  used  as  the  imuit  to  the  iteiative  routine  of 
Phase  2. 

The  .ilioiithm  stops  v.'lien  either  a feasible  solution 
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We  now  provo  the  optimality  of  the  final  solution 

! produced  bv  Phase  2 before  haitino. 

I 

I Definition  (Reachable  from  [.l?TA) 

I 

I 

A solution  is  Ccalled  reachable  from  r,IST^  if  it 
contains  a set  of  jr,ISTA  |dist  inct  tr-rrns  each  of  which  is  a 
prooer  t r ans  f o t mat  ion  of  a distinct  r.TSTA  term  (and  rc'^si‘'lv 
some  other  added  terms). 

Note  that  by  Theorem  1,  all  solutions  ate  reachafle 
from  the  LIST^  produced  by  Phase  1 (before  expansion  of 
selected  T terms). 

he mm a 3 : 

Ml  solutions  reachable  from  the  ltsta  input  to  the 
iterative  routine  r>f  Phase  ? are  reachable  from  at  least  one 
of  the  two  r.I3T’''s  output  from  the  iterative  routine  of 
Phase  2. 

Proof  : 

ConsidfT  the  term  anl  tf<e  () -variable  selected  by  the 
itorative  routjnr'.  Ml  solutions  reacliablo  fi.om<  the  inout 
I.I'd'A  contain  a fi-tm  wf'i  ch  is  a nropor  transformation  of 
that  torm.  '-'ur  t hot  more  this  solution  term  is  distinct  from 
tho.se  cor  respond  i n<t  to  othor  MSTA  terms.  "ence  tliat  proper 
t r ans  f r>r  ma t i on  must  he  a proner  transformation  of  the 
selected  term  with  the  selected  {)-vatiahle  either  missino 


I 


) 


J 


J 


2J 

or  appear  int}  without  ()’s.  The  proper  transformation  must 
thus  be  a proper  transformation  oi  the  term  which  replaces 
the  selected  term  in  one  of  the  two  cutout  LISTA's.  This 
statement  is  valiii  wfiether  or  not  <.)thi’r  ()  's  are  deleted 
from  the  term.  since  other  ()  's  are  deleted  only  to  remove 
improper  transformations.  Thev  remove  no  nrooer 
t r ans  t or ma t ions . 

No  other  terms  in  1,I3TA  are  modified  by  the  iterative 
routine.  Hence  their  correspondence  to  solution  terms  is 
unchanged . 


Further  terms  may  be  added  to  bISTA  ny  the  iterative 
routine.  However,  these  are  added  in  a manner  simil.ar  to 
Phase  1 only  to  cover  uncovered  cells  of  functions.  It  can 
be  shown  hv  an  argument  similar  to  that  of  r.emmas  1 ind  2 
and  'I'neorem  1 tfiat  the  added  terms  are  necessaiv  and  do  not 
affect  reachubilitv  of  solutions.  O.F.D. 

Coriolaiv  2 : 

The  numhet  of  terms  in  tfie  [.I'^TA  outf'ut  from  the 
ifr'tative  loiitine  of  Ptiase  2 is  a lower  bound  on  the  number 
of  forms  in  .any  ft'asible  solution  reachable  from  that  M.^T''. 
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Proof  ; 

Follows  iiinnied  i nf  e 1 Y from  Theorom  1 and  the  proof  of 
Lemma  3 by  finite  induction.  Q.F.b. 


Theorem  2 : 

The  last  solution  nroduced  hy  Phase  2 before  halting  is 
an  ODtimiim  (Tiinimum  number  of  terms)  solution. 

Proof  : 


All  solution  are  reachable  from  the  LI>T/^  produced  bv 
Ptiase  1,  by  Theorem  1.  By  Lemma  3,  no  reachable  solutions 
are  eliminated  by  the  t ranching  in  Phase  2.  Corrolarv  2 

and  the  structure  of  the  backtr.ickina  in  Phase  2,  all 
feasible  solutions  are  fully  develooed  except  those  with 
IH’ROLIND  or  more  terms.  liPPOU^''^  is  monot  on  i ca  1 1 v decreased 
during  the  run  of  Pt.ape  2,  but  .a  solution  is,  produced  with 
UPBOPNO  terms  for  each  value  of  ni^noUNP.  Thus  the  only 
solutions  not  produced  by  the  algorithm  have  the  same  number 
of  terms  or  more  tern.s  than  some  feasible  solution  produced 
fiy  tlie  algoritfun.  Fur  t fiei  mot  «■> , the  last  solution  produced 
hv  the  algorithm  h^^fote  ti.ilting  tias  the  fewest  terms  ot  any 
t<'asitile  Solution  riroduced  liy  the  algorithm.  Thus  anv  other 
solution  to  the  nrohl.'m  has  ttie  same  number  of  gates  or  more 


gates  than  t ^le 


last 


feasible  solution  produced  by  the 


a 1 gor  i t hill . 0 . F . n . 
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There  are  two  steps,  the  term  expansion  step  at  the  end 
of  Phase  1 and  the  casting  out  redundancy  step  when  a 
feasible  solution  is  found  in  Phase  2,  which  might  require 
furtlier  explanation.  Since  expanded  terms  contain  only 
l-cells  of  functions  for  which  the  terms  are  useful  or 
potentially  useful,  the  expansion  does  not  eliminate  any 
solutions  with  fewer  terms  than  the  minimum-term  solution 
reachable  from  the  modified  LISTA.  This  property  follows 
from  the  prime  imulicant  theorem  of  switching  theory. 
Casting  out  redundant  terms  in  Phase  2 serves  only  to  reduce 
UPBOUND  when  possible  and  does  not  preclude  reaching  any 
solutions  with  fewer  gates  than  UPCOUK'D.  These  steos  thus 
only  make  the  algorithm  more  efficient  without  jeooardizina 
finding  an  optimum  solution. 


2b 
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3 . Heur  1st  ics  and  special  tcchnicues  ii.^ed  in  the  algorithm 

In  this  minimization  algorithm,  heuristics  are 
introduced  in  : 

(i)  the  Selecting  Criterion  of  a Minterm  in  a Product  Term 

(ii)  selecting  the  branching  oriority  with  resoect  to  the 
arbitrarily  chosen  ()-varlable. 

Mso  a special  technique  is  used  to  solve  the  problem  of 
deciding  if  a specific  product  term  is  covered  by  a given 
set  of  product  terms. 

t 

j 

3 . 1 Selecting  Criterion  of  a Minterm  in a Product  Term 

(SC MPT) 

When  examining  the  input  otoduct  terms  in  Phase  I,  a 
minterm  must  be  chosen  from  some  input  oroduct  terms  to  be 
the  nucleus  of  a product  term.  Then  the  direction  in  w'lich 
this  minterm  can  bo  expanded  is  examined  to  determine  the 
() -variables  in  this  minterm.  Hour i stical iv , the  minterm 
which  is  covered  bv  the  least  rumbe''  of  distinct  urime 
implicants  of  the  output  functions  iihould  have  the  hiahest 
priotity.  Ttiis  is  because  the  maximum  culies  formed  bv  these 
minterms  would  lie  very  'tight',  that  is  they  will  cover  very 
few  0-cells.  Til  i s will  rc'duce  the  work  retuiirerl  to  be  done 
in  Phase  2 and  wi 1 I tend  to  make  Phase  2 converge  to  the 
optimum  solution  faster.  Yet  this  process  reouires  knowing 


how  many  'O'  neighbours  a minterm  has. 


W tedious  and 
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t ime-C(’asumi ncj  procedure  has  to  be  used  to  obtain  this 
information  and  this  process  is  impractical.  less 
efficient  but  very  simple  selectinq  criterion  is  chosen  in 
this  minimization  algorithm. 


In  the  program,  terms  in  the  problem  description  are 
scanned  in  order.  For  each  term  which  contains  one  or  more 
minterms  uncovered  by  LISTA,  one  uncovered  minterm  is 
selected.  Some  minterm  which  is  covered  by  only  one  inout 
product  term  is  chosen  with  highest  oriority  because  the 
maximum  cube  of  this  minterm  v/ould  tend  not  to  include  too 
many  0-cells.  If  such  a minterm  cannot  be  found  in  the 
input  product  term,  then  a minterm  is  chosen  arbitrarily 
from  the  input  product  term  to  serve  as  the  nucleus  of  that 
product  term..  As  a result  the  lower  bound  obtained  at  the 
end  of  Phase  1 is  fairly  tight. 


3.2  Selection  of  the  branching  priority  with  resoect  to  the 
arbitrarily  chosen  {) -variable 


In  Phase  2,  a two-way  brancli  may  he  performed  on  anv 
()-variable  in  I.ISTA  until  no  ()-variables  rem.ain,  i.e.  a 
feasible  solution  is  reached.  Heu r i s t ic a 1 1 v , the  branch 
corresponding  to  deleting  the  () -variable  from  the  term  is  a 
better  choice  because  this  directly  implies  a reduction  in 
the  in(nit  load  of  the  term  and  also  an  increase  in  the 
covering  power  of  the  minimum  cube  of  the  term..  In  the  case 
when  there  is  more  than  one  optimum  solution,  this  selection 
would  tend  to  find  the  one  with  a smaller  number  of  inout 
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connections  to  the  AND  qates. 

3.3  Special  technique  for  the  "covering"  problem 

The  problem  to  be  solved  here  is  to  determine  if  a 
product  term  P is  covered  by  a set  of  N product  terms 
namely,  Xl , X2,  X3,  Xm.  This  problem  can  be 

transfer  Tied  into  a simpler  problem. 

Theorem  3 : 

A product  term  P is  covered  by  a set  of  N product  terms 
Xi  (1=1, ...,N)  iff  the  union  of  the  product  terms  Yi 
(i=l,...,N)  is  eoual  to  where  Yi  is  the  product  term 

resultinq  from  removinq  all  the  literals  of  P from  the 
product  term  P . X i . 

Proof  : 

By  the  inclusion  property:  p^Xl  + X2  + X3  + . . . + X\ 

iff  P = P.  (XI  ^ X2  1 . . . t XN) 

By  the  distributive  law: 

P.  (Xl  t X2  + ...  1 XN)  = P.X1  + P.X2  + ...  + P.XN 

Since  P.Xi^P  tor  all  i,  therefore  there  exists  a Yi  such 
that  Yi  and  P are  literal -disjoint  and  P.Xi  = P.Yi  for  all 


i = 1 , . . . , 


N . Then 
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P.Xl  + P.X2  + ...  + P.XN  = P.Yl  + P.Y2  + ...  + P.YN 

By  the  transitive  law: 

P^Xl  + X2  + . . . + XN  iff  P = P.  (Y1  + Y2  + . . . + YN ) 

But  since  Yi  (i  = l,...,N)  and  P are  1 i ter a 1 -d i s jo int , 

P = P. (Y1  + Y2  + . . . + YN)  iff 
Yl  + Y2  + . . . + YN  = ' 1 ' . 

Again  by  applying  the  transitive  law, 

P£,X1  + X2  + ...  + XN  iff  Yl  + Y2  + ...  + YN  = '1' 

Q.E.D. 

The  reducer!  problem  can  be  easily  solved  oy  the  tree 
method  described  below. 

Eacti  node  of  the  tree  represents  a product  term.  The 
node  at  the  top  level  is  the  oroduct  term  1.  Each  node  is 

t 

branched  out  to  form  two  new  nodes.  One  branch  corresponds 
to  adding  (ANDing)  one  more  literal  in  the  uncomplemented 

form  to  the  product  term;  the  other  to  adding  the  same 

literal  in  the  comol ementen  form.  A comolete  tree  is  formed 
wrion  no  mote-  literals  are  .ivailable  for  branchinq  from  any 

node.  I'or  -'xample,  the  complete  tree  of  literals  (A,'’)  is 

as  shown  below: 
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A node  Nl  is  defined  as  a successor  of  node  N2  if  Nl 
can  be  obtained  from  N2  hv  adding  literals  to  N2.  In  otlier 

words,  Nl  can  be  reached  by  branching  out  from  N2.  A node 

of  the  tree  is  said  to  be  covered  if  it  is  covered  by  some 

product  term  Yi,  1=1,..., N . If  all  successors  of  a node 

are  covered,  then  the  node  is  also  said  to  be  covered. 

Theorem  4 ; 

Let  the  product  terms  Yi,  i=l,...,N  be  product  terms 
among  which  appear  M variables  namelv,  A j , j=l,...,N. 

Yl  + Y2  + ...  + YN  = '1'  iff  each  node  of  the  tree  of 

variables  (Aj,  j=l,...,M)  is  covered. 

Proof : 

It  is  obvious  that  Yl  + Y2  + . . . + YN  = '1'  iff  all 

possible  product  terms  of  variables  ( Al  , A2  , . . . , A'' ) are 

covered  by  Yl  + Y2  + . . . r YN . Since  the  tree  of  variables 
( A1 , A2 , . . . , AN)  explicitly  represents  all  possible  product 

terms  formed  by  variables  (Al , A2  , . . . , AM)  the  theorem  is 

proved.  Q.I’.O. 

[t  is  imr-ortant  ro  note  that  it  may  not  be  necessary  to 
examine  all  nodes  of  the  tree  explicitly,  since  once  a node 
is  covered  bv  * product  term  all  its  successors  are  also 
covered  by  the  same  product  term. 
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The  problem  o£  testing  if  a node  N (a  product  term)  is 
covered  by  another  product  term  Yj  can  he  easily  solved 
because  it  is  equivalent  to  testing  if  the  set  of  literals 
appearing  in  the  product  term  Yj  is  a subset  of  the  set  of 
literals  appearina  in  N. 

Example  "TEST  TAUTOLOGY",  as  shown  in  Figure  3, 
illustrates  this  tree  method  of  solving  the  "tautologv" 
problem . 


a 


4 . DCS  li.'tion  ot  the  program  that  finds  an  optimum  sum  of 
f roducts  network 

4 . I Scope  ol  the  prog  t o in 

The  program  'MINI'  nas  been  coded  for  the  DFC-lf 
computer  in  SAIL  (Stanford  Artificial  Intelligence 
Language),  It  derives  an  optimum  combinational  AND-OS  (sum 
of  products)  realization  of  a set  of  output  functions.  '^he 
algor  i thin  is  based  on  the  br anch-and-bound  method  discussed 
in  the  previous  sections.  Because  of  the  nature  of  the 
branch-and-bound  method,  the  first  feasible  solution  found 
is  not  necessarily  an  optimum  realization  of  the  functions. 
After  generating  the  first  feasible  solution,  the  orogram 
searches  for  better  feasible  solutions  by  backtracking, 
fach  time  tne  program  finds  a feasible  solution  whose  total 
number  of  product  terms  is  not  greater  than  the  previous 
"optimal"  feasible  .solution,  the  program  prints  out  the 
feasible  solution  and  the  numhet  of  product  terms  in  the 
fea.sible  solution.  eventually  the  program  enumerates  all 
feasible  solutions  (implicitly)  and  the  last  feasible 
solution  found  is  an  optimum  solution  for  the  output 
f unct i ons . 


Tne  iisi'r  may  specify  Ifie  initial  upper  bound  on  the 
numl  er  of  product  terms  to  a value  he  thinks  is  reasonably 
low,  in  order  to  nrune  off  some  non-optimum  networks,  which 
would  otheiwiso  be  generated  bv  the  program.  This  may 
teducf  the  computation  time.  If  this  number  is  not 


specified  the  proqram  will  take  the  number  of  distinct 
product  terms  in  the  input  as  the  initial  uoner  bound. 

The  source  code  ol  the  entire  oroqram  occupies  '13 
blocks  of  storaqi'  on  the  DEC-lh.  The  obicct  code  occuoies 
oil  blocks  of  storaqe.  The  compilation  time  of  the  proqram 
is  appr  ox  i maie  1 y t)  seconds.  A listirui  of  the  [.)roqram  can  be 
f ound  i n Apuend  i x . 

4.f  Set-up  of in['/ut  dj^ta  to  the  r>rograrp 

The  input  data  is  storoit  in  an  input  file  called  'nATAt^'. 

'DATA'.V  contains  three  tynes  of  lines. 

( 1 ) <Pt  ot'>l  ein-paraineter  '' 

( i i ) - f unc  t i on  -spec  i f i ca  t i ons.  ^ 

( i i i ) < i nput  - termi  nator  '' 

< Pr of  1 cm-pa r ame t c r ■ 

Th<  first  line  of  PATAi)  specifies  hV,  the  number  of 
variable's  in  the'  fmu'tions. . 

The  second  lino  if  DATAO  specifies  \f,  the  number  o*" 
output  functions. . 
l-'unct  ; I 'ti  -soec  it  i i-  1 1 i iin  '' 

The'  Se'l  ol  lune't  ion.',  is  <'nt*'tel  in  some'  sum  of  pte''ihu'ts 
form.  Kach  lien'  eno  i e'-’oeonds.  t ei  a ui  ;'>eluct  te'im  in  the  inout 
e'X’T  e'ss  i ons  . Koch  I i ne'  is  cetde'd  as  a I'haiacte't  st  i i 'I'l  of 
'll',  and  'I’hf'  chirae'ter  strirujs  are'  e'ach  of  leneith 

eoual  t e'  the'  sum  etf  N\'  and  NF. 
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Thf  first  NF  characters  specify  which  output  functions 
contain  the  product  term  associated  with  this  line  in  their 
expressions.  This  oart  of  the'  strinq  constitutes  an  entry 
in  a Table  of  Uselness  for  the  input  terms.  f ' in  the 

i-th  oosition,  where  1 ^ i < NF,  denotes  that  the  product 
term  is  not  in  the  expression  for  the  i-th  outuut  function, 
and  a ' 1 ‘ denotes  that  the  product  term  is  in  the 
expressions.  This  part  of  each  line  contains  a single 
ana  NF-1  '0's. 


The  last  NV  characters  soecify  a product  term.  A '0' 
in  the  j-th  position,  where  1+NF  $ 1 $ NF+NV,  implies  that 
the  { ■)  - NF)-th  yariable  in  the  complemented  form  apoears  in 
the  product  term  and  a '1'  implies  that  the  variable  appears 
in  the  uncomplemented  form  in  the  product  term.  A '-'  in 
the  j-th  position  implies  that  the  (j  - NF)-th  variable  does 
not  appear  in  the  product  term. 


<Input-terminator> 


The  last  line  of  OATA0  is  the  character  string  '999'. 
This  tells  the  program  that  the  end  of  function 
sp‘-c  i f 1 ca t ion  and  input  has  been  reacheti. 


i;xamrjle  'INPIll'  illustrates  a DATAM  input  file. 


Examole  ' INPUT ' : 


Jb 


Considor  two  output  functions  of  three  variables. 


f1(w,x,y) 

= WXY'  + W'Y 

F2 (W,X, Y) 

= W'Y  + X ' Y ' 

+ WX 

Then  OATA0 

is  set  up  as 

f ol  lows : 

LIME 

INPUT 

COMMENTS 

1. 

3 

NV 

2 . 

2 

NF 

3. 

101  Id 

WXY 

' of  FI 

4 . 

100-1 

W'Y 

of  FI 

5 . 

01  F-1 

A ' Y 

of  F2 

0 . 

01-00 

X ' Y 

' of  F2 

7 . 

fl]  11- 

'.\X  1 

of  F? 

8. 

<499 

I npiit 

Ter m i na  tor 

4.3  Interpretation  of  program  output  strinos 


The  output  of  the  program  is  essentiallv  the  s ^Tie  as 
th(?  input  exceot  that  more  characters  are  involved  in  the 
strinqs.  The  first  NF  characters  display  an  entry  in  the 
Table  of  Useluiness  for  the  solution  found.  '■volcallv  I'nlv 
feasible  solutions  need  be  printed,  bur  the  oiitrut  for-mt 
applies  as  wi-11  to  int  ermei)  rate  or  partial  solutions  w'  ich 
are  also  printed  in  the  present  version.  Tt'o  last  NV 

(.’haracters  represent  the  co r r espond  i no  r'ro<luct  term  in 
l.If^TA.  For  the  first  NF  characters,  a in  the  i-th 

Position  means  that  the  term,  specified  by  t^ie  last  NV 


charactc’rs  of  the  string,  is  potentially  u.seful  for  the  i-th 
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i 

f 

! 

f 
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output.  unction.  The  meanings  of  ‘ ri ' and  are  that  the 

term  is  not  useful  or  is  useful,  respectively,  for  the 
function.  The  meanings  of  '0',  and  in  the  last  NV 

characters  of  tne  string  are  the  same  as  in  the  input.  A 
'2'  in  the  j-th  position,  where  1+\'F  < j < NF  + NV,  means  that 
the  (j  - NF)-th  variable  is  in  the  complemented  form  and  is 
also  a ( ) -variable.  ^ '3'  is  the  same  as  a '2'  except  that 
the  variable  is  in  the  uncomolemented  form. 

Example  'OUTFUT'  illustrates  the  interpretation  of  an 
output  strino. 

Example  'OUTPhT': 


Consider  a problem  ot  three  output  functions  of  five 
variables,  namely  V,W,X,Y,Z.  let  the  output  functions  be 
F1,F2  and  F3.  An  output  string  !31712-3(1  is  interpreted  as: 
term  V(W')  (Y).!'  is  useful  for  F2  and  noter.tiallv  useful  for 
F3.  Note  that  it  the  last  NV  char acter in  an  outout  strino 


do  not 

cont  1 in 

characters  '2' 

or  ' 3 ‘ 

, then  any 

' 7 ' in  the 

first  N F 

characters  is  cgui valent 

to  a 

' 1 ' . 

mo  reduce  term 

>U  f ('ll  t 

i O.T  1 1 ('  ) , 

1 minimum  si't 

o t 

' 7 ' 

ter  ms 

should  be 

Si*  1 ( ■ C t ( 1 i 

to  cover 

each  f line  t i on  . 

F a c h 

term 

.must 

be  a ■ 1 ' 

t (•  I ,n  t o I 

at  li'.ist 

one  function. 

4.4  Slit  1 ou  t 1 m ■ ol  t hi'  p root  am 


Thi.'  program 


FFOC.RAN,  which 


' M I N!  t ' CO n s i .s  t s o f 
is  the  outer-most 


a main  procedure 
block,  and  twelve 


i 


i 


i 


sutirout  i nos , CiiOX,  CO.SFAKF,  INI, 1ST,  INTFRR, 


TNTFFF, 


PAPFN, 


REDUN,  SORT,  TAIITOLOOY,  UNION,  UPTAP,  nPTAP2  , and  I/O 
subroutines  which  are  ptoviied  with  comnil'^r.  Maior 
tunct  ions  of  th>-  subroutines  are  listed  below. 

CtlOX ; Choose  a .''ell  in  a product  term  to  be  the  nucleus  of 
the  product  term  us  i nu  th»>  SCMPT. 

COMPARE:  Compare  the  product  terms  of  two  input  character 
stiinqs  to  see  if  they  are  eaual. 

INLIST;  Check  it  all  the  cells  of  an  incut  oroduct  term  are 
coveted  by  the  existino  terms  in  the  current  partial 
solution.  Ii  not,  create  one  and  check  for  crooer  ( I's 
ar oun.)  vn r tables. 


INTHRB:  Find 

t ii(' 

i n t er  sect i on 

of  a priDduct  term 

with 

all 

the  i:iroducr 

term:'  in 

t h o 

f)a r t 1 a 1 sol  ut  ion 

that 

are 

put en 1 1 a 1 1 V UP 

u f u 

1 to  the  1 

1 . 1 m o 

set  of  tunct ions 

for 

which 

the  product  t- 

r n 

is  useful 

potentially  useful. 

INTERF:  Find 

t he 

intersect i on 

of  a prorUict  term 

with 

t he 

sum  of  all  the  innut  otaiduct  terms  of  a function  for  which 
the  product  term  is  useful. 

PARFN:  'I'o  iletetrnine  which  variables  of  a minimum  cube  can 

be  ( ) -va r i ah  1 e ; . 

RPDIIN:  Find  any  t>rO'iiict  terms  or  terms  in  tht>  intermediate 

solution  which  are  rt'diindant. 

‘'•OHT:  Sort  the  input  product  teriTis  in  the  order  of 


Ja 
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incretisinq  nuinber  of  '-'s  in  the  oroduct  term. 

TAUTOLOGY;  To  check  if  the  union  of  a set  of  product  terms 
is  equal  to  logical  ‘1‘  . 

UNION:  Check  if  a product  term  is  covered  b'/  a given  list 

of  product  terms. 

UPTAB:  Update  the  Table  of  Usefulness  when  an  input  product 

term  is  useful  for  more  than  one  output  function. 

UPTAB2:  Update  the  Table  of  Usefulness  for  any  product 

term.  This  includes  updating  the  usefulness  and  ootential 
usefulness  of  a term  or  oroduct  term  for  any  output 
f unct ions . 

A cross-reference  table  of  the  subroutines  is  nresented 
in  Table  1 . 
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TABLE  1 : CROSS-RFFERENCE  TARLE  OF  SUBROUTINES 


I 


Procedure 

Procedures  it  calls 

Proc'^dures  callinq  ic 

CHOX 

. 

I NT ERF,  UNION 

INLIST,  MAIN  PROGRAM 

COMPARE 

■ 

MAIN  PROGRAM 

INLIST 

CHOX,  PAREN,  UPTAB2 

MAIN  PROGRAM 

INTERP,  UNION 

INTERS 

_ 

INLIST,  REDUN, 

MAIN  PROGRAM 

U- 

INTERP 

_ 

CHOX,  PAREN,  UPTAP2, 

■MAIN  PROGRAM 

PAREN 

INTERF,  UNION 

INLIST,  MAIN  PROGRAM 

REDUN 

INTFRB,  UNION 

MAIN  PROGPA'^ 

— 

SORT 

- 

MAIN  PROGRAM 
1_ 

TAUTOLOGY 

UNION 

UNION 

TAUTOLOGY 

INLIST,  CHOX,  RFDUN, 

PAREN,  UPTAB2, 

MAIN  PROGRAM 

UPTAP. 

— 

MAIN  PROGRAM 

T 


URTAP.2 


NTFRK,  UNION 


INLIST,  MAIN  PROGRAM 


5. 


Test  Protlems  and  analysis  of  results 


The  program  "MINI"  was  used  to  find  realizations  of 
several  test  single  and  multiple  output  switching  problems. 
Results  are  recorded  in  Table  2.  For  test  problems, 
detailed  function  specifications  and  the  co r r esoond i ng 
solutions  found  are  listed  in  Appendix  B.  A detailed 
listing  of  the  program  output  for  test  problem  1,  the 
7-segment  decoder,  is  included  in  Appendix  C for  reference 
as  a sample  output  of  the  program  "MINI". 


5 . 1 Results  of  test  problems 

As  indicated  in  Table  2,  optimal  realizations  were 
found  for  so ne  of  the  test  problems  and  the  program  halted. 
However,  the  other  tost  problems  were  stopped  from  executing 
further  because  either  the  solutions  obtained  were  good 
enough  (the  number  of  gates  in  the  best  solutions  obtained 
thus  far  was  close  to  the  corresponding  lower  bound),  or 
heu r i St ica 1 1 y , it  seemed  that  the  program  would  require  a 
l.iKic  execution  time  to  improve  the  host  solution  found  for 


.1  f'r  1)1  loin  at  t 

he  point  if  was 

stopped . 

Howeve  r , 

it  m ti s t 

be 

noted  that  if 

a 1 1 these  test 

problems 

that  were 

stopped 

are 

allov/ed  to  run 

to  completion. 

opt i ma 1 

solut ions 

wou  Id 

be 

f ound . 
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5 . 2 lysis  of  results 

it  is  oovious  that  the  efficiency  of  the  alqorithrr  is  i 

highly  problem  dependent.  The  total  execution  time  reauired 
to  solve  a switching  problem  depends  on  the  number  of  inout 
variables  in  the  problem,  the  num.ber  of  outout  functions, 
and  most  important,  the  structure  of  the  prime  implicants  of 
the  problem. 

4s  the  number  of  input  variables  and  the  number  of 
output  functions  in  a problem  increase,  the  problem  space 
becomes  larger  and  therefore  the  execution  time  required  to 
solve  the  problem  is  generally  increased.  However,  due  to 
the  nature  of  the  nr  anch-and-bound  m.ethod,  the  most 
important  fjctor  governing  the  amiount  of  execution  time 
required  to  solve  a nroblem  is  the  structure  of  the  orime 
implicants  in  the  set  of  output  functions  in  the  problem. 

If  the  prime  implicants  are  densely  gathered,  that  is, 

1-cells  typically  are  members  of  many  prime  implicants,  then 
a large  num.ber  ot  () -variables  in  the  intermediate  solution 
may  remain  at  the  end  of  Phase  1 of  the  al<rorithm  and  there 
are  many  seemingly  good  alternative  ways  of  removina  them. 

In  order  find  an  optimum  realization,  the  algorithm  must 
then  do  many  forwarrl  branching  and  b ick  t r ack  i ng  sti^ps  which 
consume  much  execution  time.  This  tact  can  he  observed  from 
results  of  tf  st  ptohl"ms  and  H . Theiefore,  if  the 

test  profilem  has  a largo  number  ot  () -variables  at  the  end 


ol  Phase 


1 ot  the  algorithm,  the  execution  time  that  the 


4 4 

program  takes  to  solve  the  nroblem  tends  to  be  large. 

However,  if  there  is  a big  difference  in  size  between 
two  problems,  the  program  may  take  less  time  to  solve  the 
"smaller"  problem  even  if  the  number  of  () -variables  at  the 
end  of  Phase  1 for  the  "smaller"  problem  is  larger  than  that 
of  the  "larger"  problem.  For  example,  consider  the  results 
of  the  test  oroblems  8 and  10  vs  those  of  test  oroblems  1 
and  2. 

Also  note  that  although  test  problem  7 is  a much 
"smaller"  problem  than  test  problem  2,  vet  the  time  needed 
to  solve  tost  problem  2 is  much  shorter  than  that  needed  to 
solve  test  problem  7.  This  is  because  the  crime  implicants 
of  problem  2 ate  scattered  and  there  is  very  little  sharing 
of  terms  between  output  functions.  Therefore  the  last  step 


of  Phase  1 is  able 

to 

cut 

the 

number 

of  0 -var iah] es 

in 

LISTA  from  81  down 

to 

5 . 

So  vorv 

1 1 1 1 le  branch i no 

and 

bacKtracking  needs 

to 

be 

done  to  solve 

the  nroblem.  On 

the 

other  hand,  the  prime  implicants  of  test  problem  7 is 
densely  gather^-d.  Thete  is  a lot  of  shaiing  of  1 -cel  Is 
between  the  output  functions.  This  results  in  a lot  of 
branching  and  tuac  k t r ack  i ng  in  Phase  2.  Therefore  when  the 
program  was  used  to  solve  test  oroblem  7,  it  ran  for 
20  minutt?s  and  still  did  not  halt  and  had  to  be  stooped. 
This  illustrates  that  the  structure  of  the  prime  implicants 
of  a problem  is  a dominating  factor  on  the  performance  of 


t he  a Igor i t hm . 
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Aaother  important  fact  is  that  if  the  initial  input 
specification  of  a test  problem  is  very  qood,  i.e.  near 
optimum,  and  the  prime  implicants  of  the  problem  are  densely 
gathered,  as  in  the  case  of  test  problem  5,  the  program  may 
run  for  an  extremely  long  time  and  still  not  be  able  to  find 
any  better  solution  chan  the  original  input.  This  is 
because  the  input  may  already  be  an  optimum  realization. 
Yet,  the  program  woulu  still  have  to  try  branching  on  all 
those  intermediate  solutions  with  a fewer  number  of  gates 
than  the  initial  expression  while  searching  for  an  optimum 
solution,  or  verify  that  the  input  is  an  optimum  solution. 
This  procedure  results  in  a large  amount  of  execution  time 


especi 

ally 

when  the 

number  of  () -variables  at 

the  end 

of 

Phase 

1 

for  the 

problem  is  large.  This 

proper  tv 

is 

illustrated  by  the  results  of  test  problem.  5. 

[’inally,  the  entry  under  the  headina  : "Depth  of  Tree 
of  Solution"  may  require  further  explanation.  The  entry  in 
this  column  for  each  test  problem  indicates  that  if  starting 
from  the  intermediate  solution  ^.TST^,  obtained  from  Pha.se  1, 
all  branchings  (either  deleting  parentheses  from 
()-variables  or  deleting  ( ) -va r i abl es)  have  been  selected 
correctly,  the  solution  can  be  reached  from  the  initial 
LIST5  in  exactly  the  recorded  number  of  branchings. 
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6.  Conclusions 


The  algorithm  discussed  above  is  an  entirely  new 
approach  to  solving  the  problem  of  minimizing  two  level 
AND-OR  multi-output  switching  function  realizations. 


The  efficiency  of  the  algorithm  is  highly  oroblem 
dependent.  The  algorithm  works  oarticularly  well  for 
problems  with  scattered  crime  implicants.  Thus  it  is  hard 
to  derive  any  specific  correlation  between  the  execution 
time  needed  to  solve  a problem  and  the  size  of  the  oroblem. 


6 . 1 Use  of  the  algorithm 

An  attractive  point  about  this  algorithm  is  that  after 
a brief  execution  time  it  can  find  a reasonably  tight  lower 
bound  ’./n  tne  number  of  gates  reguired  to  realize  a given  set 
of  output  functions.  Therefore,  whenever  a satisfactory 
Solution  (rot  necessarily  optimum)  is  found  with  a number  of 
gates  close  to  the  lower  bound,  the  program  may  be  stooped 
i(  optimality  i ''  riot  the  main  objective  of  using  this 
algoritiim.  In  particular,  if  the  objective  of  using  this 
algorithm  is  to  minimise  the  number  of  required  to 
realize  a giv'Ti  set  of  outout  functions,  the  following 
criterion  can  1h*  used  to  stop  the  nrograrr. 


r 
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Criterion  for  stopping  the  program  : 

Let  the  nu.iiber  of  AND  gates  avaliable  pet  PLA  be  P. 

Let  the  lower  bound  found  at  the  end  of  Phase  1 of  the 
algorithm  be  LROUND. 

Let  the  number  of  gaces  in  a feasible  solution  found  by 
the  algorithm  be  N, 


1 1 

L BO UNO 

_ 

\ 

P 

T~ 

then  STOP  PROGRAM 
else  CONTINUP. 


6 . 2 Possible  improvements  of  the  algorithm 

It  is  unfortunate  that  there  have  not  oeen  many 
programs  written  for  minimizing  multi-outout  functions. 
Therefore  not  enough  data  can  be  obtained  to  measare  the 
relative  performance  of  the  proqram  'MINI".  However, 
improvement  in  execution  time  can  definitely  be  obtained  if 
the  program  is  coded  in  assembly  lanuuage  and  run  on  some 
lar<]e  computer. 

Further  im[>rovement  of  the  algorithm  may  be  made  if 
some  better  heuristics  can  be  found  to  be  added  in  the  SCMPT 
or  tietter  and  uuicker  methods  to  solve  the  "cover  ina" 
problem  are  round. 


•+8 


In  tho  oresen^  vr-rnion,  rlip  nroornn.  nrinr 

1 ex  1 coqr  arih  iv.’al  1 V in  each  inter  mod  iate  solution  and  reloots 
the  first  () -variable  found  and  branchinq  is  done  witfi 
respect  to  this  selected  variable.  Thus  loadino  <f 
variables  will  tend  to  be  hiqher  for  variables  that  are 
1 ex  icoqr  arih  i c.i  1 1 y near  ttie  end.  Mso  ft.)r  ett;er  reasons, 
some  qood  heuristics  for  ()-variahle  selection  should  be 
added  . 

Also  in  the  optimum  solutions  found,  1-cells  c>f  an 
output  function  may  be  covered  by  more  than  one  prfduv’t 
term.  A small  cover  prolilem  could  lie  solved  to  <i'.'t  a 
minimum  set  of  ‘7’  terms  for  each  function  to  reduce 

r edundancy . 

Finallv,  the  alaorithm  was  desiqned  with  tie  prime 

<ibiective  o"'  minimi?,  inq  totally  raiecified  mul  t i -oi'tout 
switcliinr  tuner  ions.  Mowever  , mod  i f ications  can  be-  made 
such  that  the  alqorithm  mav  lie  used  to  solve  prot-lems  with 
"nCN'T  CARFS"  in  inn  its.  This  modification  would  treat 

"nON'T  CARRS'  as  1-cells  exeerit  that  "nO\'T  CAPf"  minterms 
ar<>  never  t I iM*. - d us  uncov''!  ed  cr'lls  and  woiibl  never  tie 
;t  l•M•t■'d  as  ihi'  nuel--a:-  ef  any  I.ISTA  term  in  Pliase  1 of  the 

il  I't  itlim.  Tl'u'u  t lu’  ptelil.  m can  Pc  solved  in  the  usual 


i 


h 


manner  . 
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Appendix  A 
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i?\?i  «t;:s  •T4^»c-Ci** 
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5/ 


39 


r 


*ft 

I*  !»■  > 


.'  •«  '•  f'  < u» 

«r/  «« 

,-  *.  ^ r o to  I 

».  T • j • -•  w «•  a 


■»C  • 


tr  »—  *> 

C7  .:  ^ »•  ui  • * ^ 


O r_|»-,^  4 VL^  '<• 

»-•  04  »•  «»- 

U-  “ ». 


60 


61 


EXAMP[,E  1 


7 SE'GMF.MT  PFCODER 
4 INPUT  VARIABLES 
7 OUTPUT  VARIABLES 


IflF  SORTED  PRGOUCT  TERNS  ARE 

^c^lCl^5^IClo  1 
e0efl(U0iM  ] 1 
k'U10CH)eHl-i 

rai 1 100HO1- 

1001000010- 
I 00000001-0 
0110100-000 
0 10  1 1000-10 
000000]  0 — 1 
00*1000101-- 
000001000  — 

000001 1-00- 

TIIE  UPPER  POUND  IS:  15 


THE  OPTIMAL 
0071770001- 
100700701-0 
7077077130- 
1770777-000 
01077000-10 
00100770-11 
, 0 77  107*’ 101 
■'  0000170-00 
0000017-00- 


REALTZATION 
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S' ,!  1 k. . LXAX  fl  L ^ : i-  AbT  SH  1 FTE  K 

13  inout  varx>3l.)les 
C'.'3w  d output  variables 

9i'5uW 

CF6O0  TtwK  EOKlF.n  FROOl'CT  TERMS  ARE; 

IU'7.U'  in'l»00f!Wl  10  11  10000000 

00dk’0  i;i'00dP!  k;U  1 1 1 1 10000000 

009  00  0k.  000010-  10  1000001  000 

01000  00000010-100100000100 

01  100  Oi'l!  00001  -11100100  0 00  0 

01200  Oi'OOOO  1 U-010  0 1000  000  01 

0 1300  00000100-1  1 ill  10000000 

014  0 0 0 0 0 0100-1  1 0 0 e,  1 0 0 0 0 0 0 

01  500  O.'OOOl  00-101  1 00]  00000 

01600  0 0 0 0 0 1 0 0- 1 0 1 00  0010000 

01700  000001  00  -100100001000 

OldOO  00000001  -1  1 k!l  00 . 00000 

01900  00000100-000 1 00000010 

02000  .M10001  0O-0U  1 000000001 

02100  Ok'OOl  1001  1 1 1-10000000 

02200  00001000-1 1 0012000000 

0 2 3 0 0 0 0 0 0 1 0 0 k'  - I 2 1 1 0 U1 0 0 0 C 0 

02400  00001000-121000100000 

02500  00001000-100100010000 

026UO  00000001-1  1 .-O'MOIROOO 

02700  00001  000-002;  1000001  00 

02300  02201  .'O'0-2010(;000001O 

ll  2 9 0 0 Ok'. 0 0 1 1' 0 0 - 0 0 1 1 k1 0 0 0 0 0 01 

03000  or.nn  0001 1 1 - 1 looooooo 

01  100  00kll0O0O-lOl  1 10O0k0O/OO 

0 3 200  O'.’Oi  kOOOO- 18  IklO  1000000 

03300  00010000- 100 1 001 00000 

03400  0,i0000k’l-!0  1 100081000 

03500  0001  0000-0,00  1 O2k1k">10PO 

0 3 6 fl  0 0 0 0 1 0 0 '0  0 - 0 0 1 2 0 0 0 0 01 0 0 

03700  0001 0000-00 1 100000010 

0 3 d 0 0 0 2 0 1 0 0 8 1'  - 0 1 0 0 0 0 0 0 0 8 0 1 

03000  '00000i)01-  1'0  1000000100 

04000  00100000-10 1 010080800 

0 4 1 00  8 0 1 0 0 0 0 0 - 1 0 0 1 0 1 k1 0 0 8 0 0 

l'42O0  0ki000001  -1001  0000001  0 

04  100  001  OOOOO-OOil  1 ■■'OkM  0000 

O44k)0  00  1 00000-k'l)  1 OkUUnt  1 000 

0 4 . 0 0 kl  .3  1 kl  0 1'  k!  0 - 0 0 n 0 k'  f 0 0 1 k'  0 

i'4tkk)0  001  OOOOO-OlOOOkOOOnOlO 

0 4 7 M i;  0 ill  kUI  k1 .)  0 - 8 1 0 1 0 0 0 0 0 001 

04000  li  ; 000000-  1 00  1 1 0000008 

04  100;  OklOilOOOl-  1 I 1 1 18000000 

0‘)kl0O  0 1 OilOOOO-OOO  1 001  00800 

0 ‘)  i 0 0 ;)  1 0 0 0.  0 0 0-0010001*'  8 0 0 0 

05200  0 . 000080-08  1 1 k3880  1 80,0 

05  380  0 ; 0('0O00-H  1 0000000  1 0!' 

O-)480  0 1 0t*00k’0-  0 1 8 1 000000  1 11 
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O550H  fl ■ 000000-01 1000000001 

05  6 00  000.1001  0-11 1010000000 

0 5 7 0 C 0 0 0 00  010-110  1010(10000 

05600  10000000-000101000000 

0 59  00  100  0 00(10-001  0 0 01  0000  0 

06000  1O0C0 00 0-001 1000 10000 

06100  10000000-01 0000001000 

06200  10000000-0101000001 00 

06300  10000000-011 000000010 

06400  10000000-011100000001 

06500  00000010-11 0000100000 

06600  0O0(-'0O1O-10  1 10001  0000 

06700  Or0O(?001  - -00000000001 

06  3 00  0 000001  0-- (10000000010 

06900  00000100  — 000000(101  00 

07000  00001000 — 00000001000 

0 7 10  0 0 0 0 1 0 0 0 0 - - 0 0 0 0 001  0 0 0 0 

07200  0111000011 1 --1 0000000 

07  30  0 0 01  0 0 0 0 0 — 00  0 0 0 100  0 0 0 

07400  O: OO00OO--000O1 000000 

07500  0100000011-1-10000000 

0 7 6 0 0 1 0 0 0 0 0 0 0 - - 0 0 0 1 0 0 0 0 0 0 0 

07700  100000001  10000000 

07600  'IKF  UPPF3  ROtUlD  IS:  71 

07900 

06300  TPE  OPTIMAI,  REALIZATION  I?: 
06130  O:;‘O30O1  0-1  1 0000100000 

06200  Oi'OfiOOl  0-101  100010000 

08  300  OCvlOOOl  0-101  0000(11  000 

08400  0;  0GO010-100t-.lGOt^(il«t1 

08580  0., 000001-11  1 001  000000 

08600  00000010-000 1 00000001 

08700  7 '7777  10  1 1 1 1-100O00'10 

08800  0 ,000’  00-1  1 .1 1 1 01'3O0O0 

0 89  0 0 0 0 0 0 0 1 0 0-  1 1 0 .1  0 1 0 0 (1  0 0 

39300  000301  I’O-  11'  1 ; 00  1 0C0OO 

09100  000001  30-10  1 000.11  0000 

0 9 203  3 CO  001  00  - 100  1 O'i(.01O0O 

Oy  30  0 3 0800001  - 1 1 1 00  1 00  0(10 

09400  00(1001  00-0001  0(103001  0 

09500  000001 00-00 1 000000001 

09600  00801  000  -1  1 (’3  1 000000(1 

39700  00001000-1 01101 003000 

,)9600  0000  1 000-  lO  1 010  ! 00030 

(199  00  O’OO  1 000  - ] 00  1 'MO  1 000(1 

1 0000  00000001  - 1 i 000001  0000 

1 0 1 0(1  Ol'lOOl  O00-.30.1 1 00000100 


I 

I 

t 


L 


b7 


I'J^. 

: u 3 
1,)4  ' 

1H5/ 
labiH) 
I 07L’fl 

10yji3 

110«n 
11100 
11200 
1 1 300 

I 1 40  0 
11500 
1 1600 

II  70  0 
11800 
1 1 90  0 
12000 
12100 
12200 
12300 
12400 

1 2 5 Vi  0 

12o0O 
1 2 7 0 0 
12d00 
12900 
13000 
1 J 1 00 

1 3200 

13  300 
1 3 4 00 
1 3 50  0 
1 3606 

13  700 
1 3 H ^'1 0 
1 3986 
I 4(10  0 

14  100 
14  2.00 
1 4 300 
1 4 4 00 
1 4 5 0 0 
1 4 600 
14700 
1 4 80U 
1 4 9 0 0 


0 0 0 0 1 0 0 0 - I'ln  00  0 0 0001  0 
0.  00  I 000-00  1 1 On00(i^i0i 
00006001-10 ! 100001000 
O.0100  0('’-1011]0O00006 
0..'010OO0-1010010O0000 
00010000-100100100000 
0. 660001 -101900000] 00 
3(:niOO(U.-00Ol  0000]  000 
0 ('01  00  00-001  800  000  100 
09010000-001 100000010 
00010000-910000600001 

001  00000-  101O10000(]|00 
01.100900-1001  01000000 
000.10(301-100  1000009]  0 
9 01  00  0 00-6001 .90  0]  00  00 
30100000-081000001000 

0.1]  Oe0O0-(30  1 1 00000100 

00100000-91 000 0O0OC1 0 
001  O00(!fl-01  01  00090001 
00600091-11  11  1(3900099 
0. 000090-1001 10000090 
0 0 0 0 0 0 ] 0 - 1 1 1 0 1 8 0 0 0 0 9 0 
0 I 00  0(100-06  9 1 00  1 00  000 
0 1000900-00  1 00001 .0000 
91  600000-00  1 180001  (300 
0 ] 000090-  91  00000(501  00 

0 1 (5  0 0 0 0 0 - 0 1 9 1 0 0 0 0 (3  0 1 0 
Oi00OO9O-011O09O00001 
09000010-110101000000 

1 3 0 0 0 0 0 0 - 0 0 6 1 0 1 0 0 0 0 0 9 
1 0000000-001090  1 090(30 
1 .3000000-091  100010000 
1 .lOPOOOO-SlOOO.iOOl  000 
1 5003000-319190000100 
16000009-  011 ,3.10009010 
10030000-0  1 1 1 91300000  1 
771000001 1-1-10900900 

0 1 ,39(’100(5--,'OO.l]  009000 

1 .iOOOOOO-  -000  1 0009900 
0 0 0 0 9 0 0 1 - - 0 (1 0.  0 0 0 09  9 01 
0000691 O--O0990n00O10 . 
0 0 (1 0 9 1 0 0 - - 0 9 9 0 9 (5  0 0 1 9 9 
0.1901  O90--900O90O1  990 
7 7 7 710  0 0 1 11  — 1 0 9 0 9 0 9 0 
9 ■ ' 1 0 1 ■ 0 0 — 30  0 0 0 01  00  0 0 
0.'  1 OOO0O--8O0O01OO9O9 

1', 30000001  10900990 

T.3TAF.  OF  68  .qcites 
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0 0100  EXAMPTF,  3 : 2 DIGIT  BCD  TO  BINARY  DECODER 
00200  8 INPUT  VARIABLES 

00300  7 OUTPUT  FUNCTIONS 

0 0 4 0 0 
00500 

00600  THE  SORTED  PRODUCT  TERMS  ARE; 

00700  000011O011i000- 

00800  00000100111010- 
00900  00011100111100- 

01000  00000101000001- 
01100  00000101000011- 
01200  00000101001000- 
01300  00111101001010- 

01400  01000101001100- 

01500  00000100000001- 

01600  C0001000001001- 

01700  00000100000011- 

01800  00011000010100- 
0 1900  00001  00001101  1- 

02000  00000100001000- 
02100  50011000101001- 

02200  00011100001010- 
02300  10001000110100- 

0 2400  0000  1000111011- 

02500  00100100001100- 

02600  00001001001001- 
02700  00010000000100- 

02800  00000100010001- 
0 2900  00000]  0001  00 n - 

0 3000  001  1 ! 1000  1 1 000- 

03100  00010000111001- 

03200  00000100011010- 

03300  00010001000100- 

0 3400  01  001100011  100- 

03500  00100000001011- 

03600  00000100100001- 

03700  00100000100100- 

03800  00000] 00100011- 

0 3900  000001WO1O1O00- 

0 4000  0 100000001  1 00  1- 

0 4100  000  1 1 100  10  1 -1  1 0- 

04200  00000100101100- 

0 4300  0 1 OOOvlO  1 00  10  11- 

04400  00000100110001- 

04500  00000100110011- 


f 

i 


4 


050!10  3001  1 00010001  — 

05100  0100000001 101-- 

05200  0111 10001 1000-- 

05300  100000001 1001-- 

05400  0000100100001 -- 

05500  0001000000100 — 

05600  0001  000001001  — 

05700  0001 00001 0000-- 

05600  10100001000 

O‘.<900  0 100000  0100 

06000  100000001  1 1 

06100  1 0000001001 

0b200  0010000  0 010 

06  300  01  1000001  01  

06400  0000001  1 

06500  THE  UHEER  BOUND  IS:  53 

0 6 6 0 0 
06700 

06  300  THE  BOUND  IS  NOa  : 40 

06900  AN  IMPROVED  SOLUTION  IS: 

07000  77000701001100- 

07100  07007700011130- 

07200  77000001001011- 

07300  010000003110-1- 

07  400  0100000001  10  1 -- 

07500  00700700-01100- 

07600  00001000-11011- 

07700  7000700011-100- 

07600  0770000010-100- 

07900  0377000001 00]-- 

08000  301  0000:'-Ol  0 1 1- 

03100  10000000:1-01-- 

06200  0007100-001001- 

06300  0001000-000100- 

03400  0001  00001  — 001  - 

08500  1 00000001  1 1 

0,6600  001  0000001  0 

06700  07  1 000001  01 

0 3300  0 /01  00001  -000-- 

03900  70  1 0000 1 00-3-0- 

0 9 00  0 0 1 0 0 0 0 0 01  0 

19100  0000010-0000-1- 

09200  0000 1 00-00-01 0- 

09300  00001  000-  1 — 00- 

0 9 40  0 0 0 0 0 0 01 1 

09500  0007  1 000-0  1 00 1 - 

09600  000130000-0100- 
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09  70  0 
09800 
09900 
10000 
10100 
10200 
10300 
10400 
10500 
10600 

10  700 
10800 
109  00 


7001000011101-- 

8701700010-010- 

70100001000 

1000000100 

70100001  00-00  — 
00000100  — 00-1- 
0000100-00001-- 
00177700011080- 
00107000-1000 — 
000001 00--T0-0- 
7007710011 1100- 
0007010-0010-0- 
8701  70001  0001  — 


J 


71 


'■  100 
i'  0200 

. 0300 
00400 
09500 
0G6OO 
00700 
00800 
00900 
01000 
0 110  0 
01200 
01300 
C 140C 
01500 
0 1600 
01709 
01800 
01900 
02000 
02100 
02200 
02300 
0 24  00 
0 2 5 00 
0 2600 
0 2700 
0 280  0 
0 2900 
0 3000 
0 3100 
0 3200 
0 3300 
0 3400 
0 3500 
0 3600 
0 3700 
0 3800 
0 3900 
04000 
0 410  0 
0 4200 
04  300 
0 44  00 
0 4 500 
04bO0 
0 4 7 0 0 
0 4 H 0 0 
0 4900 
05000 
05100 
05200 
0 5 300 
0 54  00 
0 5500 


EXAMPLE  4 : 3 BIT  BINARY  MULTIPLIER 
6 INPUT  VARIABLES 
6 OUTPUT  FUNCTIONS 


THE  SORTED  PRODUCT  TERMS  ARE  : 
11000] 1 11111 
000001001301 
000010001010 
00001 1001011 
000100001100 
000101301101 
000110001110 
0001 11001111 
000010010001 
000103010010 
O0011G010011 
001000010100 
001100013110 
001 100010110 
0011  1001011  I 
00001  I 0 J10C1 
000110011010 
001001011011 
001100011100 
001111011101 
013010311110 
010101011111 
000100100301 
001000100010 
001100130011 
010000100100 
010100130101 
0] 1000100110 
0 1 1 1 OH  1 I'Ol  1 1 
9091 01 iO 100  I 

0 0 1 0 1 9 1 b 1 0 1 0 
001111101011 
0101001011 00 
011001101101 
011110101110 
10001  1 1011  1 1 
0001 1011000] 

001 1001 10010 
010010119011 
311090119100 
011110110101 
J 00  100  1 10  1 10 
101010110111 

0001  1 1 1 1 190  1 
001 110111010 
010101111011 
011100111100 
100011111191 
10191011  1 1 10 
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idSdC'C 

THE  UPPFP  BOUND  IS  NO 

059et‘ 

AN  IMPF<0VBD  SOr.UTION 

O600B 

000001  — ] — 1 

06100 

000100 — 1 1 00 

06200 

000010-1—01 

06300 

000100-1-01'' 

06  400 

001000-1-100 

06  500 

001007011011 

0 6 600 

010007-11111 

06700 

001  0001 — 010 

06800 

01  0O0O1--100 

06900 

1000071-11 1 1 

0 7 000 

01000011-011 

07100 

10000011-11- 

07200 

1000071111-1 

0 7 300 

000010-01-1  - 

07  40  0 

0001 070-1 1-1 

0 7 500 

000010-1 0-- 1 

07600 

000130-10-10 

37700 

0100001-010- 

0 78  00 

00100013-01- 

07900 

B13OO010-1-G 

08000 

30  'lOia— 1-lf 

08100 

001070-101-1 

08200 

01 0O0O01111- 

0 8 30  0 

000 1071 -10- 1 

0 8 400 

0 0 0 1 0 0. 0 1 0-1  - 

0850(' 

0001 001-0-01 

:1860O 

0.1  700  7 If.  1 1 0 1 

0 8 7 0 0 

Oi  7 10  0010  0 1 1 - 

0 8800 

030  1 00-01  1 

0 0 9 k'  0 

00  i 00001  - 10- 

I)9fi0  0. 

0 01  '701-1-10 

0 S»  1 M 

3 0 I 0,00  01  0 1 - - 

0 9 200 

000  1 <■'(■  ; ’0--  1 

I 

I 

I 

) 


1 

i 

i 
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l'  V'  i l'  . 
t'0  2,  >1 
Uk!3i.3 
00400 
00500 
0 06  00 
00700 
0 0b  0 0 
00900 
01000 
0110  0 
01200 
01300 
01400 
01500 
01600 
0 1 70  0 
01300 
01900 
0 2 00  0 
02100 
0 2 2 0 0 
0 2 3 00 
02400 
0 2 500 
0 2 60  0 
02  700 
02800 
02900 
0 3000 
3100 
0 3 200 
03300 
0 3 400 
0 3 50  0 
0 3 600 
0 3 7 0 0 
03800 
0 3 9 0 0 
0 4 000 
04100 
04200 
0 4 3 00 
04400 
04500 


0 4 6 00 
0 47  00 


0 4 8 00 
04900 
0 5 000 
05100 
05  200 
05  300 
05  4 00 


ilXAMPLi;  5 : HoLr.PRITH  CODF  TO  ASCII  (NO  PARITY  PIT) 
12  INPUT  VARIABLFS 
7 OUTPUT  FUNCTIONS 


THE  SORTED  PRODUCT  TERMS  ARE: 
1011111061000010010 
1111011101000000000 
1111101011000000000 
0100000000000000000 
0100001  1000  0000(31  10 
0100010000000000110 
01000] 1 0O0O010O0O1O 
010010O010OO1.'300010 
(’100101001  0001  00010 
010.01101  00000000000 
010011 1000000010010 
0101000100000010010 
0101001 0] 0C0O01O01 0 
0101010010000100010 
0101011100000001010 
0.101100001001  000010 
010110  10100.03003000 
0101110100001000010 
0101  1 1 1001130000000 
0110000001000000000 
01  '0O01000J0C000OP0 
0110010000010000000 
01  100 1 10O00O1O000C0 
01101000 00000100003 
0110101030000010030 
0 1 1 0 1 10003000301000 

0 110  1 1 1 00('0300;101  00 
0 1 1 1000000.1.0000001  0 
0. 1 I 1 00  10OOO3O  003001 
I'll  1010O0OtH0O00Olv3 
Oil  10  110130  003  01  0 10 
/111  1001000301  0001  0 
0111101 000003001010 
01111  100010000013  10 
011  1 1 1 100  1 003000110 
; 0000000000001  30010 
1 000001 100100000000 
100001  0 10001  0000000 
1 00001 1 100001000000 
1300100100000100000 
1000101100000010000 
1300110100000001000 

1 3001  1 1 1 30000000100 
1001000100030000010 
1001001 100003000001 
1331010010100000000 
100 1011 0100 1 0000000 
1 .U'l  1 300  1 0031  003003 
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05500  100n0  1010000100030 

05600  1001110010000010000 

05700  1001111010000001000 

05800  1010000010000000100 

05900  101300  10  10000t!0001  0 

06003  101301001 .000000001 

06100  101001 K 0101000  0 000 

06200  1010100001001000000 
06300  1013101001000100000 

06400  1010110001000010000 

06500  1013111001000001000 

06603  1011000001000000100 

06790  1011001001000000019 

36800  1011010001000000001 

06900  1011011100010000010 

07000  1011100001010000013 

07100  1011101013010000010 

07200  101 1110O1000000G1 10 

07300  THE  UPPER  POUND  IS:  66 

07400  THE  LIST  OBTAINED  AT  THE  END  OF  PHASEl 

07500  7071770010000000110 

07600  1000700100000100000 

07700  100970710000001 0000 

07800  19037701 0000009 ! 300 

07900  10007771303000001 00 

08000  0710007000100000000 

08100  I 007007100O0000O 001 

0 8 20  0 1 0 0 7 0 7 0 0 1 0 1 0 0 ' 0, 9 0 0 0 

08300  1777077101 300000000 

08400  1007700010001000000 

08500  1 007707010000130000 

08630  1SC777001033O01 0000 

08700  10377773  13003031090 

03B00  071  7700  1 000031  0301  0 

08900  0701777001100000000 

09000  1070070010000000001 

09100  1009003300000130010 

09  20  0 1 07  3 70000] 3vU  000000 

09300  13707070OJ 030130900 

09400  1 030007100130000030 

09500  1373777001000001000 

09600  107  700000]  900H01"!  30 

09703  17777073 1 1030000000 

09803  1 07707000 1 00030003 1 

0 9900  1 03307  7100031  003003 

1 3303  70  77  1 30031  3 1 030301  0 

1 0 1 30  73  7713  70  1 vOO1003OO10 

1 3200  373 1 700091 00  130901 3 

1 0 303  07773  1 70  1 030030  I 0 .13 

10403  3730301103330330133 

10500  1009070100013009320 

i 3L00.  103  /0301  30.02330091  9 

: 3700  1 O37077''-'  103  L0000070 


A 


1 
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il'iSk  a I i^7300.’J01  0000000120 
10900  0701770100003000010 

110C0  1070077001010000020 

11100  1070770001000010020 

11200  0700100010001000030 

M300  701707730001  0000010 

11400  0701000100000030010 

11500  0710077002001000000 

11600  0710700002000100000 

11700  0710707002000010000 

11800  0701007010000010030 

11900  0701070010000100030 

120i:0  07001  07001000100030 

12100  0701077300000003010 

12200  0717007022000000001 

12  30kl  0 77  1777001  kl00000330 
12400  1 0700070  J 002000021kl 

1250kl  1077007001  02002001  0 

12600  0700017200001000030 

12700  07O:,1  7700200001  0030 

12800  0710070002010000020 

12900  0710770002000001020 

13000  0710777022000000100 

13100  0700010022000000130 

132, )kT  0700170  100000222200 

13300  0717000022020002010 

13400  0701707012222222000 

13500  0710000221022222222 

13600  0100000222222222222 

,-137110  THE  [,CWER  BOUND  IS  : 62 
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00130  fc.XAMFI,E  6 : EAST  SH I ET/ROTATE  DECODER 
30200  14  INPUT  VARIAPI.es 

0OJOP  7 OUTPUT  FUNCTIONS 

00  400 
30500 

00600  THE  SORTED  PRODUCT  TERMS  ARE: 

00  70  0 00  1 0001501  1 1011  10000000 

C080O  0000001001001010000000 

00900  0000001011111110000000 

01000  000001000-001110000000 
01100  000130000-111130001000 

01200  000100000-111000000100 
01300  000100000-110100000010 

01400  000100000-110000000001 

31530  000100000-010110000000 

01600  000100000-011001000000 
01700  000100000-011100100000 

01800  000001O00-310C01 000000 

01900  000001000-010100100000 

02000  000001000-011003010000 

02100  000001000-01 1 100001000 
0 2 2011  00  0 00  0100-001101000000 

02300  000000100-0130031 00000 

02403  000000100-010100010000 

32500  030000100-01 1300001000 

02630  001 033000-1 1 1 100010000 

02700  001000000-111000001300 

02800  001000000-1 1 3100000100 

02900  031 000000-11330000001 0 

G30CO,  001000030-10  11O0R0OO01 
031  ’'O  031  00  0. ’30-01 10  10300(500 

0 3 2.;  3 03103300  3-01  1 1010O0  30  3 

333CO  3000031  03-.'11  1 1033031  30 

03400  03000331  3-00  I 001  000330 

0 3 500  3(.30O3,’>  P-301  1 331  03003 

3 j 6 0 0 0 0 0 3 0 0 0 1 0 - 0 1 00  0 0 0 1 0 P 3 0 

0 3 700  0OOO10;531  111-110300000 

03800  00001 0300- 1111 300001 00 

03H30  000010300-1 1 lOOOOOOPlfl 

04000  OOOOi 0300- i 1 0 1 00300031 

04  1 03  00(53  1 3000-01  00  1 0000000 

34230  0 10000030-1 1 1 1 001 00000 

04  300  0 10000300-1  1 1000(5  10000 

04430  0 ! 3003000-  1 1 0 10330  1 31H1 

04533  3 1 3030030-1 1 30033031  33 

34030  3 1 3000  30(r1- 1 0 1 130000010 

04  730  0 1 OOOOi-lOO-  1 0 1 (^OOOOOOO  1 

34H0('  3 1 3030300-3  1 1 1 13000000 

34933  33001 3000-31 31 0 1 300330 

35030  33031 0303-31 1 300133333 

05133  33301 3300-31 1 1 0301 0033 

0'203  30333301 3 -31 01 00301 333 

05533  33303031 0-31 1 003333 1 00 

3->433  03003331  3-31  1 10333001  ? 


1 


I 


) 

I: 

n 

f' 

fl 


f- 
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r 


i’  ofi.)  P0if'«ot.n C0-1 1 ] ie00gi(^«0] 

.'  :'V)0  6000110011111-10000000 

0bd00  100000000-111101000000 

05'^00  1-00000000-11  1000100000 

0b000  ivHmooooe-i  1 0100010000 

05100  100000000-11 0000001000 

06200  ] 30000000-1 011 000001 00 

06300  100000000-101000000010 

06400  100000000-10010000000] 

06500  000001000-111100000010 

06500  000001000-111000000001 

0570  0 0 0 00001  0 — 11  0000100000 

0h800  0000001  0 — 1011  00010000 

05  9 00  00000010  — 101  000001000 

07000  0000001 0 — 100100000100 

07100  00000001  — 11  1 001000000 

07200  00000010 — 000100000001 

0 7 300  000001  00  — 110110000000 

0 MOO  00000100 — 1 1 0001000000 
07500  00000100 — 101100100000 

07600  000001 00 — 10  1 000010000 

077  00  0 00 00100 — 100100001000 

07600  000O0001--11 01 00100000 

07900  00000100 — 000100000010 

OdO00  000 00 100- -00 1000000001 
3dl00  00001000 — 11 00] 0000000 

08200  00001  000 — 10  1 1 0 1000000 
0 8 30  0 0 0 0 0 1 0 0 0 - - 1 0 1 0 0 0 1 0 0 0 G 0 

08400  00001 000 — 100100010000 

08500  000W0001 --1 1 0000010000 

08o00  G0001 000--O0010O000] 00 

08700  00001000 — 001 100000001 

08800  O.MOl  0:i0  - -00100000001  0 
08900  0001 000O--10 1 1 10000000 

oyooo  0001 0OOO--10 ] 001 000000 

09  100  0 00  1000  0-  -1001001  00000 

0 9 20  0 0 0 0 0 0 0 0 1 - - 1-011  00001  000 

09300  00010000  — 00  HO000]  000 

09400  0001 0000 --00 1 000000100 

iHbCO  000  I 000O---0O  1 1 0000001  0 
0-9000  000  100-10-  -0  1 0000000001 

09700  01  1 100001  1 1 1--  10000O0O 

0 9 8 0 0 0 0 1 0 0 0 0 0 - - 1 0 1 0 1 0 0 0 0 f.  0 0 

0 99 HP  0 0 ! 00000- - 1001 0] 000000 

1 0000  00000001  — 10  1 000000100 

10  100  001  000.10--000  1 000  1 0000 

10.'00  00  100000-  00  1 000001  POO 

1 ('  100  00  1 00P00--OO  1 1 000001  00 

1 0 4 00  0 0 1 0 0 0 0 0 - - 0 1 0 0 0 0 0 0 0 0 1 0 

1 0500  00  100000  ---0  10  1 00.O.0H00  1 

1 0 6 0 0 0 1 0 0 0 0 0 0 - 1 0 0 1 1 0 0 0 0 0 0 {' 

1 H 7 0 0 0 0 0 P 0 0 0 1 - - 1 0 0 1 0 0 0 0 0 0 1 0 


1 
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10d0i’:  0i0flr!g00--(;0Pi00lflP00P 

igygc  ?]  000t'00--C'0i0P0('i00O0 

11000  01000  000--00  11  000  0100^’ 

1110  0 3 1 00  0 0 0 0 --0 1 00  0 0 0 0 0 1 00 

11200  01000000--01010fl00001 0 

11300  C1O00000--0 1 1000000001 

11400  01000000]  n -1  -1000J000P 

11500  0000000 1--1111 10000000 

11600  10000000--000 101 000000 

11700  10000000 — 001000100000 

11800  1 0000000--O01100O10000 

11900  1 000000O--01P000001000 

12000  1 00 000 00- -01 01 00 00 01 00 

12100  10000000--01 1000000010 

12200  10000000--01 1100000001 

12300  00000010 — 11 1010000000 

12400  0000001 0--11 01 01 000000 

12500  01000000 00001000000 

12600  10000000 00010000000 

12700  00000001 00000000001 

12800  00000010 00000000010 

12900  00000100 00000000100 

1 3 000  00001000 00000001  000 

13100;  00010000 00030010000 

13200  00100000 00000100000 

13  300  100000001  1 10000000 

1 3400  TIU-;  I’F'PER  ROUND  IS:  127 

13500 

13600 

13700  THE  UPPER  BOUND  IS  NOW:  124 

1 3800  /VN  IN  PROVED  SOLUTION  IS: 
1390  0 0 0 0 0 0 0 1 0 r 1 0 0 1 0 1 0 0 0 0 0 0 0 

1 4000  .1001  0000  vv-11  0100000010 

14100  000100300-010110000000 

14  200  0001  00-0G0-O]  1001000  000 

1 43  00  0001003  00  - 01  1 1001  30000 

14400  000001  0G3-O1  1 1000,01  000 

14500  0003001 00-00 1101 OOOOfiO 

1 4600  3000001 00-ClO  10001 0003 

1 4730  OlhUlOOl  00-01  1000001000 

1 4rt00  0300001 03-01 1 100000100 

14900  00000031 0-00 1 i 00 1 00000 

1)000  0000000 1 0 -0] 01 000 01 000 

1 1 0 0 0 0 0 000  01  0-011000000100 

15200  000000010-011100000010 

1 5 U)0  00  1 000'’0O-  1111  000  10000 

I ,400  00  I 000000-1  1 1 000001  000 

15500  001000000-11 0100000100 

15600  001 000000-1 0 1 1 00000001 

1 5700  00 1 000000-01 1 0 1 0000000 

1 5800  00  1 00000,1-0  1 110  1 000000 

1 5 9 00  0 0 0 0 0 1'  0 1 0 - 00  0 1 1 0 0 0 0 0 0 0 

1600,0  03, '01  O'OOO-l  1 1 1 000001  00 

1 6100  0 000  1 0000-1  1 10000000  1 0 
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«Wkn)ia00o-i  1 aio00000kU 
'6300  00001 0000-010 10 J 000000 
16400  000010000-011000100000 
16500  000010000-011100010000 
16600  000000010-001001000000 
16700  010000000-111100100000 
lo800  010000000-111000010000 
16900  010000000-110100001000 
17000  010000000-101100000010 
17100  010000003-101000000001 
17200  010000000-011110000000 
17300  7777/71011111-10000000 
17400  000003100-11110000000] 
17500  003001000-111100000010 
17600  000031000-111000000001 
17700  000001000-001110000000 
17800  300301000-0101 00100000 
1 7900  000001000-011000010000 
13030  030 1 30000- 1 1 1 1 00001 000 
18100  000 1 00030-1 1 10000001 00 
18200  100000000-111101003000 
18303  1 00000000-11 10001 00000 
18400  100000000-110100010000 
18500  100003000-101100000100 
18600  103003000-101000000010 
18730  100000000-100100000001 
18800  i3000000--0 11 100000001 
189  30  0000  0100 — 110110000000 
19000  0 00000 01--10 11 00001000 
1 910  0 000  0 0100  — 101  100100  0 00 
19200  O000O100-- 10 1000010000 
19  300  00000100 — ]0« 10000  1 000 
19400  00000001  — 10100  0 0001  00 
19500  30003100 — 000100000010 
19600  000001  00- -001  000000001 
1 9700  30000001  — 100100000310 
19800  000013O0-- 1 0 110 1000000 
19900  3300 1300--10 10001 00000 
20000  000 0 10 00--10 01 00010000 
20 1 00  00000001 --1 1 1001000000 
20200  0000 1 00O--000 1 000001 00 
20300  03001O00--001130000001 
20400  00001 000--001 000000010 
20500  77771000111 1--1O000000 
20600  0001 0000--1 0 1 1 1 0000000 
20700  000 1 0 00 0--1 01 001 000000 


r- 


H(! 


20800 
20900 
21000 
21100 
21200 
21  300 
21400 
21  500 
21600 
2170  0 
21800 
21900 
22000 
22100 
22200 
22300 
22400 
22500 
22600 
22700 
22800 
22900 
23000 
23100 

23  200 
23300 
23400 
2 3 500 
2 3600 
23700 
2 3 8 0 0 
23900 
24000 

24  100 
24200 
24  300 
24400 
24500 
2 4 600 

24  700 
24800 
24900 
25000 

25  100 
25200 
25  300 
25400 
25500 
25600 
25700 
25800 
25900 
26000 
26100 
26200 


00010000 — 100  1 001  00000 
00000010 — 11  1010000000 
00010000 — 000100001000 
0001 000 0--0O 1 000000 1 00 
0001  000O--00  1 10000001  0 
0 0000010  — 1 10  10100 0 0 00 
0 0100000  — 101010000  0 00 
0 010  00  0 0 — 10  01010  0 0 0 0 0 
0 00000  01  — 110100  100000 
001  000  00--000  100CM00O0 
00100000 — 001 00000 1 000 
00100000 — 001100000100 
00000010--10110001000O 
00100000 — 010100000001 
77100000111-1-10000000 
0 1 000000 — 100  1 10000000 
000  0 0010  — 101000  001000 
0 10  0 0 0 0 0 — 0 0 0 10  010  0 0 0 0 
01000000 — 001000010000 
01000000 — 001100001000 
0 000001  0—  1001  000001  00 
01000000 — 010100000010 

0 100000  3 — 0 11000000001 
00O00001--1  1 1 1 10000000 

1 0000000--OO0 10 1000000 

100 O0000--00 1 0001 00000 
10P0OO00--O011CCO100O0 
0 0 00  0 010  — 000100000001 
1 00 0 0000--01  0100  000100 
100000O0--O1100O00O010 

00000010 00000000010 

00000] 00 — 1 1 0001  000000 

000001  00 000000001  00 

0 0 0 01  00  0 — 1 1 0 0 1 00  0 0 0 0 0 

000  01000 00000001000 

0001  0000 0000301  0000 

00010000 — 010000000001 

00100000 00000100000 

00100000 — 010000000010 

01000  000 000  01000000 

01  00  0 0 0 0 0100  0 0 00  01  00 

10000000 00010000000 

10000000 — 010000001000 
0O000001--1 10000010000 

000  0 00  01 0000  0 000001 

000  0 0 010 — 1 10000100000 

100000001  1 10000000 

000301 000--1 000 1000000 
00001  0 000  — 10  010000000 
0 0 01  00000--li^  00  0 000001 
0 01000000--10O000O0l’lt» 

0 1 00  0 O0O0-- 10  0000001  00 

1 00  0 0 000  0 — 1 0 00  0001  00  0 
0 0 0 0 0 0 0 1 0 — '0  n 0 .1  n 1 n p r< 
0 0000  0 10  0-  - . 0000  1000  00 


1 
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r~ 


[ 


liiUJ’J  £XA;-.1’LL  7 ; SPL'CIAL  COUNTER 

5 INPUT  VARIABLES 

BBJU'fl  5 OUTPUT  FUNCTIONS 


Oil  4 0 7) 

00500  TKl,  SOPTED  PRODUCT  TERMS  ARE: 
00600  1111111110 
00700  001001  00000 

00800  0001000001 
0 1: 9 0 0 0 0 0 1 1 0 0 0 1 0 

01000  0010000011 
01100  0010100100 
01200  0011000101 
01300  0011100110 
01400  0100000111 

01500  1000001000 
01600  100  ’ll  0000 

0 1700  01001  1 000  1 

01600  0101001001 
01900  1001001010 

02000  1001110010 


02103  0101110011 

02200  0110001011 
02300  1010001100 
02400  1010110100 

02500  0110110101 

02600  0111001101 
02700  1011001110 

02800  1011110110 
02900  0111110111 

33000  llOOi’Ollll 
03100  1100111300 

03200  1101011001 
03300  1101111010 

03400  1117011011 

03500  1113111100 

03630  1111011101 

03700  THE  UPPER  BOUND  iU:  31 
0 3 8 0 0 

03900  THE  UPPER  BOUND  IS  NOW:  lb 

04000  AN  IMPROVED  SOLUTION  IS: 
04100  07100-1011 

04200  100300111- 

04300  001300-011 

04400  O0O1OO--O1 
04U0O  0001710-1- 

04600  01070-1-01 

0 4 7 0 0 7 1 0 0 7 1 1 - - 0 

0 4 8 0 0 0 i)  0 1 0 1 0 

04V0O  00001-0 — 0 

O', 000  10000-1  --0 

05  100  70007  1 0 

0 5200  OOiOO — 1-0 

06300  010300-111 

0 5 4 10  1/030  11-0- 

05500  07  00  1 1 0— 1 

05600  001O0--10- 

05700  001371O1-- 

0 5 H 0 0 1 / 0 0 0 1 1 )1  - - 
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0iHC0 

EXAMPLE  8 

; F(K,X,Y,Z)  = (W'X 

0 0 2Htl 

4 INPUT  VARIABI.FS 

00  300 

1 OUTPUT  FUNCTION 

0 0 40  0 
0 0500 

THE  SORTED 

PRODUCT  TFRNS  APF: 

0 0 6 0 0 

11110 

00700 

10001 

00800 

I 00  10 

00900 

100  ; 1 

01000 

10100 

0110  0 

10131 

0 1200 

1011  0 

0130  0 

10111 

01400 

110  0 0 

01500 

11001 

01600 

110  1 0 

01700 

11011 

01800 

11100 

01:^00 

1 1 1 0 1 

0 200  0 

THE  UPPER 

BOUND  IS:  14 

02100 

THE  OPTIMAL  PEAL  I Z 'VT  ION  IS; 

02200 

1 1--3 

02300 

1--01 

02400 

1-01- 

02500 

10  1-- 

+ wvyz) 
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00200 
0 0 3 0 0 
00400 
00500 
00600 
0 0 7 0 0 
00800 
00900 
01000 
0110  0 
01200 
01300 
01400 
01500 
01600 
01700 
0 1 80  0 
01900 
0 200  0 
0 210  0 
0 2200 
02300 
92400 
0 2 500 
0 2 600 
02700 
0 280  0 
0 2 9 0 0 
03000 
03100 
03200 
03306 
03400 
0 3 500 
03600 
0 3 700 
0 3 8 0 O' 
0 3 9 0 0 
0 4 000 
04  1 00 
04  200 
0 4 3 00 

04  4 00 
0 4 500 
0 4 60  0 
0470.0 
v)4800 
0 49  00 
0 5 000 

05  ! 00 
05200 
05  300 
05  400 
05500 


EXAMPLK  9 


SPECIAL  DECODER 
8 INPUT  VARIABLES 
1 OUTPUT  FUNCTION 


THE  SORTED  PRODUCT  TERMS  ARF: 
110010101 
100001000 
100.301001 
100010000 
100010001 
100010010 
10001001 1 
1 00010100 
100010101 
100100100 
100100101 
100100110 
190100111 
100101000 
100101001 
100110000 
10011000] 

101000000 

10100000] 

101000010 
10100001  1 
101000100 
10100010] 

10  1.3001  1 0 
101000111 
101010110 
10131011  1 
101311000 
101911001 
101100000 
101100001 
101100010 
10110001  1 
101110010 
101110011 
101110100 
101110101 
101110110 
101110111 
I 0 1 I 1 1000 
101111001 
1 1000  1 000 
1 1000  1 001 
11001 0000 
11001 0001 
1 I 00  1 00  1 0 

n 0 0 1 .1 0 1 1 

1 I 00 10  100 

THE  UPPER  POUND  1 : 48 


L 


ii 

ii 


Ii 

I 

'I 
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05600 

0 5 7 00 

0 58  00 

THF  UPPER  nOUMD  IS  NOW: 

05900 

AN  IMPROVKU  SOLUTION  IS: 

06000 

1011  101-- 

06100 

101-1100- 

06200 

100 1 001 — 

06  30  0 

1011-001- 

06  40  0 

1-000100- 

06500 

101-10 11- 

06  6 0 0 

101-000-- 

06700 

1-0010-0- 

06  8 00 

1 00-0100- 

06900 

101030 

07000 

100-1000- 

07100 

1-00100-- 

I 

|l 

1 


t! 


I 


S5 


!i 


) 


') 

! 


I 


t 


I 


i 

I 


0k31^0 
00200 
00300 
00400 
00  500 

EXAMPLE  10 

: SPECIAL  FUNCTION  FUN 
5 INPUT  VARIABLES 
1 OUTPUT  FUNCTION- 

f 

i 

j 

00600 

THE  SORTED 

PRODUCT  TERMS  ARE: 

i; 

0 0700 

111011 

00800 

100000 

00900 

100001 

! 

r 

01000 

100010 

i! 

<j 

01100 

01200 

100011 

100100 

01300 

100101 

I' 

01400 

101100 

G1500 

101000 

i: 

01600 

110011 

jl 

01700 

110101 

01800 

110111 

i ; 
f : 

01900 

111100 

1, 

02000 

111101 

f; 

02100 

111111 

t: 

02200 

111110 

(j 

02300 

G240O 

02500 

02600 

THE  UPPER  BOUND  IS:  16 

' 1 
): 

02700 

THE  OPTIMAL 

REALIZATION  IS: 

11 

02300 

1-0101 

t 

f ' 

02906 

10- -00 

■ 1 

I i 

O30C0 

1111-- 

j 

03100 

11--11 

i| 

0 3200 

1000  — 

ii 
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Appendix  C 

Detailed  listing  of  output 
from  "MINI”  for  test  oroblem  1 


A0-A043  361  ILLINOIS  UNIV  AT  URBANA-CHAHPA IGN  C00R9-  SCIENCE  LAB  F/G  9/2 

AN  ALGORITHM  FOR  MINIMIZING  PROGRAM  LOGIC  ARRAY  REAL— ETC(U) 

APR  T7  A.G.  SOONG  DAAB07-72-C-0259 


UNCLASSIFIED 


R-766 


Ml 


END 
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<4124  Ta42;ii72*e3 

<9<3<  2Je/4l7«2a« 


92 


I 


I 

1 
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